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In previous publications,we showed that the incremental process of the chaotic diffusion of dissipative solitons in
a prototypical complex Ginzburg-Landau equation, known, e.g., from nonlinear optics, is governed by a simple
Markov process leading to an Anti-Persistent Random Walk of motion or by a more complex Hidden Markov
Modelwith continuous output densities. In this article, we reveal the transition between these twomodels by ex-
amining the dependence of the soliton dynamics on the main bifurcation parameter of the cubic-quintic
Ginzburg-Landau equation, and by identifying the underlying hidden Markov processes. These models capture
the non-trivial decay of correlations in jumpwidths and sequences of symbols representing the symbolic dynam-
ics of short and long jumps, the statistics of anti-persistentwalk episodes, and themultimodal density of the jump
widths. We demonstrate that there exists a physically meaningful reduction of the dynamics of an infinite-
dimensional deterministic system to one of a probabilistic finite statemachine and provide a deeper understand-
ing of the soliton dynamics under parameter variation of the underlying nonlinear dynamics.
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1. Introduction

Deterministic chaotic diffusion, normal or anomalous, is a phenom-
enon well-known in nonlinear dynamics for at least four decades, first
from low-dimensional Hamiltonian dynamics arising in plasma and ac-
celerator physics [1,2], later also from solid state physics [3,4]. In the
presence of dissipation, the relevant dimension of such problems may
be further reduced, leading to studies of diffusion arising in one-
dimensional iterated maps [5–8]. There, the mechanisms for chaotic
diffusion are easily understood. Deterministic chaotic motion in such
low-dimensional systems is often described by a stochastic model. A
prominent example from standard textbooks [2,9] is the kicked rotor
(also known as Standard Map) [1], where for a large enough kick
strength, the chaotic motion can be described by a diffusion equation,
whose diffusion coefficient depends on the kick strength in a compli-
cated way that can only be determined from simulation data. Such a
connection between deterministic systems and stochastic models
would also be desirable for higher-dimensional systems because
recently, chaotic diffusion was also found to occur in non-random
. Albers).
infinite-dimensional dynamical systems such as delay systems
[10–16], lattice dynamical systems [17,18], and systemswhose dynam-
ics is ruled by partial differential equations (PDEs) [19,20]. In contrast to
the above mentioned low-dimensional systems, the mechanisms lead-
ing to deterministic chaotic diffusion in these PDEs are not understood
at all. The system in question is the cubic-quintic complex Ginzburg-
Landau equation (CQCGLE), the generic amplitude equation for spatially
extended systems near subcritical bifurcations [21,22]. It is of relevance
in diverse fields such as nonlinear optics [23], binary fluid convection
[24], surface reactions [25], and the Faraday instability in granular
media [26] and colloidal suspensions [27]. The diffusing objects in
these systems are dissipative solitons, which may change position due
to repeated ‘explosions’ [28–31]. Such explosions were already found
experimentally in passively mode-locked lasers [32–36]. Furthermore,
theywere also found in time-delayed systems [37] because of their gen-
eral relation to partial differential equations [38]. So, the diffusing ob-
jects in these systems are already of more complicated nature, solitary
waveswith chaotically varying shape,whose center ofmass is thequan-
tity of interest. In one spatial dimension, this is just a scalar quantity,
which can be regarded as a projection from infinite-dimensional state
space onto the spatial coordinate. Recently, we showed for one specific
case in one dimension that the center of mass can be described phe-
nomenologically as an Anti-Persistent Random Walk [39]. In general,
however, even in one spatial dimension, the situation is much more
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1 In order to obtain slightly different initial conditions, we added spatially uncorrelated
complex noise to a real-valued Gaussian pulse evaluated in the discrete grid, A(xi,0) = A0
exp (−xi

2/σ2) + εξi, where the ξi are complex random numbers, where both, the real part
and the imaginary part, are drawn from a standard Gaussian distribution with variance
equal to one such that εξi is Gaussian distributed with variance equal to ε2. Here, we
used ε = 0.001.

2 The used pseudo-spectral method is always stable and there is no risk of high wave-
number instabilities. It is often used in the literature [23] even with the same
discretization. The chaotic behavior of the solitons is an inherent property of the system
and not induced by numerical instabilities.
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complex. In a further recent publication [40], we showed for another
specific case that the incremental process for the soliton motion is
more generally well described by a Hidden Markov Model (HMM)
[41]. These models are best known from speech recognition tasks [42,
43], but they are rather general statistical models [44], also known as
probabilistic finite state machines [45]. They can be adapted via
machine-learning algorithms to all kinds of data, ranging, e.g., fromneu-
ral spike trains [46], ion channel data [47], and binding-unbinding tran-
sitions in the molecular diffusion of proteins [48] to financial data [49].
Machine learning techniques are also currently successfully applied to
nonlinear dynamical systems [50–53]. In our analysis of the soliton dy-
namics, we do not rely onmachine learning algorithms, becausewe aim
at describing central physical quantities such as correlation functions
of the soliton velocity or the statistics of anti-persistent walk epi-
sodes, which are not automatically represented optimally if one op-
timizes probability distributions over observation sequences as is
done, e.g., by the Expectation-Maximization (EM) algorithm [54,
55] most often used for HMM parameter estimation. As a result of
our approach, we are able to directly determine structure and pa-
rameters of the hidden Markov process without applying the typical
estimation procedures for HMMs. In this paper, we aim at an under-
standing of the transition from Anti-Persistent Random Walks to
Hidden Markov Models as the main bifurcation parameter of the
Ginzburg-Landau equation is varied. To do so, we uncover the hidden
Markov processes underlying the soliton dynamics for several spe-
cific choices of the bifurcation parameter.

The paper is organized as follows. In Section 2, we recall the
definition of the cubic-quintic complex Ginzburg-Landau equation, its
properties as well as its numerical solution leading to the study of the
soliton dynamics. In Section 3, we briefly recapitulate the concepts
related to Hidden Markov Models and how they can be applied to
diffusing solitons. In Section 4, we give an overview of our findings
from previous publications [39,40] before we present new complemen-
tary results in Section 5. Our findings are discussed in Section 6 and
summarized in Section 7.

2. The cubic-quintic complex Ginzburg-Landau equation

The system under investigation is the cubic-quintic complex
Ginzburg-Landau equation

∂tA ¼ D∂2xAþ μAþ β Aj j2Aþ γ Aj j4A, ð1Þ

where in nonlinear optics A(x, t) ∈ ℂ is the envelope of the electric field
and the real parameter μ< 0 accounts for linear losses. All other param-
eters are complex numbers, whose real and imaginary parts have a cer-
tain meaning within nonlinear optics [23]. D = Dr + iDi, where Dr > 0
characterizes spectral filtering and Di is the group velocity dispersion
coefficient. β = βr + iβi, where βr > 0 is the nonlinear gain coefficient
and βi accounts for nonlinear dispersion. γ = γr + iγi, where γr < 0
represents the saturation of the nonlinear gain and γi corresponds to
the saturation of the Kerr nonlinearity. Except for μ, which is our main
bifurcation parameter, we fix all other parameters to constant values,
D = 0.125 + 0.5i, β = 1 + 0.8i, γ = − 0.1 − 0.6i. Special cases of
Eq. (1) can be solved analytically if one is interested in certain kinds of
solutions. For instance, for γ = 0, i.e., the cubic complex Ginzburg-
Landau equation obtained by neglecting the quintic term in Eq. (1), an
exact stationary solution or exact periodic solutions have been derived
[56,57]. However, if one is interested in themore general case of soliton
solutions of Eq. (1), numerical schemes have to be applied. We numer-
ically integrated Eq. (1) using a split-step Fourier methodwith a Runge-
Kutta method of fourth order for the nonlinear terms. We considered a
spatial domain of size L = 50 with periodic boundary conditions
consisting of N = 1024 grid points thus leading to a lattice constant of
dx = 50/1024 ≈ 0.05, which is appropriate to resolve the high
frequency oscillations of the exploding dissipative solitons. We
2

numerically solved Eq. (1) on this spatial domain starting with a
Gaussian-shaped initial condition with spatially uncorrelated noise
added1 in order to obtain different realizations of the soliton dynamics.
We used small time steps dt = 0.0012 and obtained 400 time series of
duration T = 105 for each considered value of μ. In order to accelerate
the simulations, we implemented the numerical algorithm on graphical
processing units programmed with the language PyOpenCL [58].

Dissipative solitons in the CQCGLE are the result of a complex balance
between four differentmechanisms, namely energy injection, energy dis-
sipation, dispersion, and nonlinearity. A detailed explanation is given in
[59]. Because the relative contributions of these mechanisms fluctuate
in time and space for some values of the parameters, this leads to changes
in the shape and amplitude of the solitons and can cause explosions [60].
We numerically found that dissipative solitons are explosive in the pa-
rameter range μc = − 0.21375 < μ < 0. The time evolution of a single
explosion is shown in Fig. 1. Before an explosion, the soliton radiates
waves to both sides. Then, seemingly at random, one of these oscillating
tails grows, overcomes the original soliton, and then merges with the
latter. This larger localized solution, however, lasts only for a short time
period and then shrinks again to the size of the original soliton. The
solitons before the explosion and after the explosion are almost
identical except for a spatial shift because the explosion is asymmetric.
The total duration of such an explosion is roughly 5 units of time, but
the interexplosion times as well as the sizes of the spatial shifts can be
described statistically due to the chaotic nature of the explosions. Each
numerically generated time series for each value of μ investigated in this
article contains roughly 5200 to 5800 explosions. A long sequence of
such asymmetric explosions leads to a random walk kind of motion of
the center of mass of the soliton. From a dynamical systems point of
view, explosions are the result of an enlargement of a chaotic attractor,
more specifically, an attractor-merging crisis [61].

In the following, we reduce the infinite-dimensional dynamics of the
CQCGLE to a one-dimensional dynamics by considering the time depen-
dence of the “center of mass” of an exploding dissipative soliton. For a
localized solution of Eq. (1) on a periodic domain of size L, the position
x(t) of the center of mass can be calculated via

x tð Þ ¼ L
2π

arg
Z L=2

� L=2
A x, tð Þj j2 exp

2πix
L

� �
dx

 !
, ð2Þ

which allows us to consider the resulting soliton motion. Fig. 2
(a) shows the typical structure of a soliton trajectory consisting of al-
most constant “plateaus”, which are interrupted by chaotic bursts due
to the explosions. Because the explosions are asymmetric, the plateaus
before and after an explosion are in general different. This kind of mo-
tion can be idealized as a sequence of spatial shifts (jumps) δxi and
inter-explosion times (waiting times) δτi, which can be treated
statistically due to the chaotic dynamics. On a large time scale, this
sequence leads to an apparently random walk and is reminiscent of
Brownianmotion, see Fig. 2 (b). Moreover, the mean-squared displace-
ment (MSD) of an ensemble of soliton trajectories increases linearly in
time (not shown in the figures) indicating normal diffusion. In order
to understand this one-dimensional dynamics in more detail, we inves-
tigate the statistics of the inter-explosion times and spatial shifts. From
the random-walk theory it is known that the diffusion coefficient,
i.e., the slope of the linear increase of the MSD, is only influenced by



Fig. 1. Explosion of a dissipative soliton for μ=− 0.10 showing the time evolution of the
real and imaginary part of the complex amplitude A(x,t) as well as its absolute value.
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Fig. 2. (a) A trajectory x(t) of the center of mass of a dissipative soliton on a short time scale ob
asymmetric explosions and inter-explosion times δτi. (b) The shown eight independent real
(c) Distribution p(δx) of spatial shifts in dependence on the bifurcation parameter μ of Eq.
probability. (d) Comparison of the numerically determined distribution of spatial shifts for μ =
0:23 ⋅ N xj�0:77, 0:24ð Þ þ 0:27 ⋅ N xj�2:16, 0:026ð Þ, where N xju,σ2

� �
is a Normal distributi

Markov Model in Fig. 6 with parameters and emission densities from Eqs. (10) and (11), respe
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the mean of the waiting times and not by the details of their statistics.
Therefore, in the following, we concentrate our analysis on the
sequences of spatial shifts. The distribution of the spatial shifts in
dependence on the bifurcation parameter μ of the CQCGLE is shown in
Fig. 2 (c) as intensity plot. For small values of μ in the range μc < μ < 0,
the distribution consists of only two sharp peaks, but for increasing
values of μ, two broader humps with increasing weight appear between
them in addition. Hence, the two sharp peaks lose weight for increasing
values of μ. The distribution of spatial shifts for an intermediate value of
the bifurcation parameter, μ = − 0.10, is shown in Fig. 2 (d), where
one can see the sharp peaks and the broader humps in between.

3. Hidden Markov Models

We have seen that the evolution of the system states according to
the CQCGLE is dominated by the dynamics of solitons, which during re-
peated explosions, counted by a discrete time index t, undergo spatial
shifts δxt, t = 1, 2, … which eventually lead to a diffusive behavior of
the solitons. A proper description of the stochasticity of the sequences
{δxt}, which has its origin in the chaotic dynamics of the CQCGLE, is
therefore essential for the understanding of the resulting diffusive mo-
tion. It turns out, as we will show in the sections to follow, that Hidden
Markov Models (HMMs) capture very well the stochastic dynamics of
the increments δxt. Therefore, in the following, we briefly survey the
general principles of Hidden Markov Models. HMMs are generally
used as probabilistic generators of symbol or number sequences of
arbitrary length T. Such a sequence is often called an observation
sequence O = O1O2O3…OT with individual observations Ot. In our
case, the Ot take real values and correspond either directly to the shifts
δxt, or, in a simplified setting, to their signs St = sign (δxt) = ± 1. In
an abstract sense, an HMMcan be regarded as a parametrized probability
x(
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t
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tained from numerical solution of Eq. (1) for μ=− 0.10 consists of spatial shifts δxi due to
izations of the soliton motion on a large time scale are reminiscent of Brownian motion.
(1) depicted as intensity plot. Dark red means large probability and white means zero
− 0.10 (red histogram) with a weighted sum of four Gaussian distributions (blue line),

on with mean value u and variance σ2. The Gaussian mixture results from the Hidden
ctively.

Image of Fig. 1
Image of Fig. 2
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distribution P(O|Λ), which is the probability (density) for generating
some sequence O given the model parameters denoted collectively as Λ.
There are two types of parameters appearing in a typical HMM: Firstly,
there are the parameters defining an underlying discrete state Markov
process. Assuming an N-state Markov process, the latter is defined by an
(N × N)-transition matrix Twith elements Tij denoting the probability of
making in one time step a jump to state i given that one is in state j.
Correspondingly, one has ∑i=1

N Tij = 1, which means that T is a
stochastic matrix containing N(N − 1) independent parameters. In
graphical representations of Markov models, arrows are drawn pointing
from state j to state i if the corresponding transition probability Tij is
non-zero. It turns out in the following sections that themost generalMar-
kov model we have to consider has N= 4 states, which would imply 12
independent parameters, but symmetry considerations and other obser-
vations reduce the number of parameters to four, named a, b, t1 and t2,
which determine the transition matrix in the following way

T ¼

a 1 � a � t2 t1 0
1 � a � t2 a 0 t1

t2 0 b 1 � b � t1
0 t2 1 � b � t1 b

0BBB@
1CCCA: ð3Þ

The corresponding Markov graph consists of the states and arrows
shown in Fig. 3. Note that in the limit t1 = t2 = 0, this structure
reduces to two independent 2-state processes, where each of them
can be viewed as a generator of an anti-persistent random walk with
persistence parameters a and b, respectively.

The second ingredient, which turns a Markov model into a Hidden
Markov Model, are so-called emissions, which generate symbols, or, in
our case real numbers, on each state i of the Markov model. They are
drawn randomly from a distribution λi(x) each time a path in the
Markov model visits the state i. That is why HMMs are doubly
stochastic processes: paths through the states are generated randomly,
and emissions on each state visited are generated randomly. The
distributions λi(x) can be continuous densities or discrete probability
distributions. In our case, where x represents size and direction of the
jumps of the solitons during one explosion, λi(x) is a continuous
density, whereas its reduction to the direction of the jumps results in
discrete distributions with support at S =± 1. The latter can be written
in a continuous density form as λi

d(x) = λi
+δ(x − 1) + λi

−δ(x + 1),
where λi

+ = 1 − λi
− = ∫0∞λi(x)dx is the probability of a jump in the

positive direction given the system is in state i. Correspondingly, the
resulting HMM is called Continuous Density HMM (CD-HMM), or,
Fig. 3. Schematic illustration of the most general Hidden Markov Model for the dynamics
of the spatial shifts δxt, whichwe consider in this article. It consists of nodes i=1,2,3,4 and
transitions as indicated. The curves plotted inside the nodes represent schematically the
corresponding output probability densities for the δxt.
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discrete HMM, respectively. The emissions can be combined with
the state transitions by defining a newmatrix T(x) with matrix elements
Tij(x) = λi(x)Tij, or, in the discrete case, with λi(x) replaced by λi

d(x).
With these definitions, the probability density p(x1,x2,…,xT|Λ) for the
generation of a sequence of jumps δx1δx2…δxT can be written in matrix
form as

p x1, x2, . . . , xT Λjð Þ ¼ ηTT xTð Þ . . . T x2ð ÞT x1ð Þπ0, ð4Þ

where ηT = (1,1,…,1) performs the summation over the N components
of the vector obtained from iterating the initial distribution π0 over the
states by the matrices T(xt). In a stationary situation, π0 is naturally
chosen as the invariant distribution p ∗, i.e., π0 = p ∗ with p ∗ = Tp ∗.
The precise formulation of the meaning of the density in Eq. (4) is that
p(x1,x2,…,xT|Λ)dx1dx2…dxT is the joint probability of generating by the
model Λ the first jump value δx1 in the interval [x1,x1 + dx1], and the
second value δx2 in the interval [x2,x2 + dx2], and so on. To complete
the model description, we have to complete Λ by the parameters which
parameterize the continuous emission densities λi(x). It turns out that
λi(x) can be chosen as a mixture of two Gaussian densities, i.e.,

λi xð Þ ¼ ∑
k¼1, 2

ϕikN x uikj ,σ2
ik

� �
, ð5Þ

where N xju,σ2
� �

denotes a Gaussian probability density with mean u
and variance σ2, while the weights ϕik ≥ 0 obey ϕi1 + ϕi2 = 1. Thus,
the parameterization of the N emission densities λi(x) add in principle
5N parameters to the model vector Λ. So, for N = 4, we would have
20 additional independent parameters, which again through
symmetries and observations reduce considerably. For instance,
instead of eight variances, we need only two different variances
(broad and narrow). In Fig. 3, we schematically show the most general
model we have to consider. Clearly, if one has such a model Λ, every
quantity of interest, e.g., correlation functions, can be calculated, be-
cause the joint probability density in Eq. (4) gives themost complete in-
formation about the stochastics of the generated sequences.

In typical applications of HMMs, onehas data from the outsideworld
or nature, which are observed and represented by an empirical density
p(x1,x2,…,xT). Now, one tries to model the data as good as possible,
which usually means that the model generated data, characterized by
p(x1,x2,…,xT|Λ), should be as close as possible to the observed data.
Therefore, one usually seeks a parameter set Λ ∗ such that the distance
between the distributions p(x1,x2,…,xT) and p(x1,x2,…,xT|Λ), as
measured, e.g., by the Kullback-Leibler distance, becomes minimal. For
this task exist powerful iterative algorithms, such as the Expectation-
Maximization (EM) algorithm, which generate sequences of models
Λ1 → Λ2 → …, which converge quickly to the, in this sense, optimal
model Λ ∗. Unfortunately, because p(x1,x2,…,xT|Λ ∗) is still an
approximation to p(x1,x2,…,xT), there is no guarantee that,
e.g., correlations in the data, inherent in p(x1,x2,…,xT), are well
represented in the data p(x1,x2,…,xT|Λ ∗) generated by such an
optimal model. Since we want to model the diffusional behavior of the
observed solitons, it is essential that, in view of the Green-Kubo relation
between diffusion and correlation functions, the correlations are cap-
tured as good as possible. Especially, the decay rates in the model Λ
should properly reproduce the correlation decays in the data. This, to-
gether with the main distributional aspects, is the basis of our determi-
nation of optimal parameters Λ ∗. Such optimal parameters depend
naturally on the parameters of the CQCGLE, Eq. (1). In the latter, typi-
cally, the gain parameter μ is varied. This means that the optimal
HMM parameters are functions of μ, i.e., Λ ∗ = Λ ∗(μ). In previous publi-
cations, we identified the optimal model parameters Λ ∗ for two cases of
the CQCGLE. In [40], we identified Λ ∗(μ = − 0.10), which corresponds
to a 4-state HMM as introduced above, whereas in [39], we found that
the diffusive behavior of the solitons for μ = − 0.18 is well described
by an Anti-Persistent Random Walk (APRW), whose generator is basi-
cally a 2-state Markov process, i.e., it is not an HMM, or in some sense

Image of Fig. 3
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a degenerate case of an HMM. Now, one expects that Λ ∗(μ) is continu-
ously varying with μ. This poses the natural question of how a continu-
ous variation of μ can transform a correspondingly parametrized 4-state
HMM into a 2-state Markov process. At first sight, this appears impossi-
ble due to the different topological structure of the underlying Markov
graphs. But we will see that a priori, there exist several possibilities,
and one goal of this paper is to uncover the mechanism at work in this
system. The answer will be given and discussed in Sections 5 and 6, re-
spectively. At first, however, we briefly recapitulate some results for the
APRW behavior and for the previously found HMM in Section 4.

4. Review of previous results

In a previous article [39], we investigated the soliton dynamics for μ=
− 0.18, where according to Fig. 2 (c) only two sharp peaks are visible in
the distribution of the spatial shifts.We found that the sequence of spatial
shifts follows a 2-state Markov process of first order, see Fig. 4. In this
model, the sharp peaks belong to two different states representing a spa-
tial shift in the positive or negative direction. Due to symmetry, these
states have the same persistence parameter a, which is the probability
to remain in the current state during a single time step. Accordingly, the
probability to change the current state, i.e., to change the algebraic sign
of the spatial shift, is 1 − a. In each state, the spatial shift is randomly
drawn from the corresponding peaked distribution,which can be approx-
imated by a single Gaussian probability density. Because we numerically
found that the persistence parameter a is very small (a≈ 0.0009), the re-
sulting soliton motion is an Anti-Persistent Random Walk (APRW) lead-
ing to a mono-exponential decrease of the correlation of spatial shifts.
Note that the 2-state Markov process in Fig. 4 with emission densities
that are single Gaussian distributions can be regarded as a degenerate
case of the more general Hidden Markov Model (HMM) in Fig. 3.

In order to understand the implications for the soliton dynamics that
are induced by the appearance of the broader humps in the distribution
of spatial shifts for larger values of μ, we investigated the case μ =
− 0.10 in another recent article [40]. Here, we want to briefly recapitu-
late our line of arguments leading to aHMMfor the dynamics of the spa-
tial shifts:

We start by considering the correlation of the spatial shifts and the
correlation of the algebraic signs of the spatial shifts for μ = − 0.10.
Fig. 5 (a) shows that both correlations decay bi-exponentially. This find-
ing, in contrast to the mono-exponential decrease for μ=− 0.18, leads
to the assumption that the soliton motion might be described by two
APRWs with transitions between them. In order to check this assump-
tion, we consider another statistics, which we call the distribution of
zig-zag streaks,where a zig-zag streak of lengthΔt is given byΔt succes-
sive changes of the algebraic signs of the spatial shifts, for instance, +1,
− 1,+ 1,− 1,− 1 forΔt=3. The distribution of zig-zag streaks for μ=
− 0.10 is shown in Fig. 5 (b) and decays bi-exponentially too. This
weighted sum of two mono-exponential decays describing the proba-
bility of the occurrence of a zig-zag streak of length Δt confirms the as-
sumption of a superposition of two APRWs, because a single APRW
shows a mono-exponential decrease of the distribution of zig-zag
streaks proportional to (1 − a)Δt, see Fig. 4. It is natural to assume
that the sharp peaks and the broader humps in the distribution of spatial
shifts are connected with two APRWs. In order to check this, we con-
sider the distribution of zig-zag streaks for two filtered sequences of
spatial shifts where the first one contains all δxt with ∣δxt ∣ < 1.75 and
Fig. 4. Schematic representation of a simple 2-state Markovmodel for the dynamics of the
spatial shifts δxt for μ=− 0.18 leading to an Anti-Persistent RandomWalk of the soliton
motion.
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the second one contains all δxt with 1.75 < ∣ δxt ∣ < 2.60. The resulting
sequences belong to the broader humps or the sharp peaks in the
distribution of spatial shifts, respectively, see Fig. 2 (d). Our numerical
results are shown in Fig. 7 (a). In the first case, we obtain a mono-
exponential decrease with a slope roughly the same as for the first
decay in Fig. 5 (b) and in the second case, we get a bi-exponential de-
crease where the slope of the second one is roughly identical to the sec-
ond exponential decay in Fig. 5 (b). Similar results were found for the
correlations of the spatial shifts (not shown in the figures). These obser-
vations lead to the conclusion that the sharp peaks contribute to both
APRWs, whereas the broader humps only contribute to one of them.

This data analysis leads to the HMM for the dynamics of the spatial
shifts shown in Fig. 6. It consists of N = 4 hidden states i, i = 1,2,3,4,
with corresponding emission densities λi(x). States 1 and 2 represent
the dynamics of spatial shifts belonging to the first APRW (with persis-
tence parameter a) and states 3 and 4 belong to the second one (with
persistence parameter b). The probabilities t1 and t2 reflect transitions
between these two APRWs. We choose the transitions so that a
transition from one APRW to another one finishes an ongoing zig-zag
streak. Therefore, transitions from state 1 to state 4 and from state 2 to
state 3 are not allowed in our model. These considerations lead to the
transition matrix T in Eq. (3) describing the HMM in Fig. 6. The emission
densities are chosen such that the sharp peaks in the distribution of spa-
tial shifts appear in both APRWs, whereas the broader humps only occur
in the first one. In the following, we derive some analytical results for
HMMs consisting of N = 4 states with transition matrix T and emission
densities λi(x). Note that these results can trivially be extended to
HMMs with an arbitrary number of states.

The time evolution of a probability distribution p(t) = (p1(t),p2(t),p3
(t),p4(t))T consisting of the probabilities pi(t) to be in state i at time t is
given by p(t + 1) = Tp(t). Usually, this distribution converges to a

stationary distribution as t goes to infinity, p tð Þ !t!∞
p∗ with p ∗ = Tp ∗.

For the following analytical consideration, we define the matrix Λ(x) =
diag (λ1(x),λ2(x),λ3(x),λ4(x)) and the deduced matrices Λ+ and Λ−

with Λ+ = ∫0∞Λ(x)dx = I − Λ− whose diagonals contain the
probabilities for the occurrence of a positive or negative emission on the
four states, respectively. Furthermore, we define the diagonal matrix
M= ∫−∞

∞ xΛ(x)dx consisting of the mean emissions on the four states.
We use the transfer matrix method, which is well established in sta-

tistical physics and has been used, e.g., to calculate the canonical parti-
tion function of the Ising model [62,63] or the correlated output of the
Preisach model of hysteresis [64,65]. With transfer matrix calculations,
we obtain analytical expressions for the correlation of the algebraic
signs of the spatial shifts, the correlation of the spatial shifts itself
as well as the distribution of zig-zag streaks in terms of the transition
matrix T, the stationary distribution p ∗, and the matrices Λ(x), Λ±, and
M introduced above. Here, we summarize the analytical results. Their
derivation can be found in Appendix A or in [40].

For the correlation function of the algebraic signs St = sign (δxt) of
the spatial shifts and the correlation of the spatial shifts itself, we obtain

CS τð Þ ¼ St Stþτh i
¼ 1; τ ¼ 0ηT Λþ−Λ−� �

Tτ Λþ−Λ−� �
p�; τ > 0

� ð6Þ

and

Cδx τð Þ ¼ 〈δxt δxtþτ〉 ¼ 〈δx2〉, τ ¼ 0ηTMTτMp∗, τ>0

(
, ð7Þ

respectively. For the distribution of zig-zag streaks, we get

p Δtð Þ ¼ 2ηTΛþTΛþ TΛ � TΛþ� �Δt=2p∗, Δt even

2ηTΛ � TΛ � TΛþ� � Δtþ1ð Þ=2p∗, Δtodd

8<: : ð8Þ
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Fig. 5. (a) Absolute value of the numerically determined correlations Cδx(τ) of spatial shifts δxt (green circles) and CS(τ) of the algebraic signs St of the spatial shifts (red squares) for μ=
− 0.10. The black lines are corresponding bi-exponential fits, 3.80 ⋅ exp (−1.03 ⋅ τ) + 0.51 ⋅ exp (−0.18 ⋅ τ) and 0.95 ⋅ exp (−1.61 ⋅ τ) + 0.066 ⋅ exp (−0.16 ⋅ τ), respectively.
(b) Numerically determined distribution p(Δt) of zig-zag streaks for μ = − 0.10. The black line is a bi-exponential fit, 0.39 ⋅ exp (−0.56 ⋅ Δt) + 0.013 ⋅ exp (−0.16 ⋅ Δt).
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In order to compare these analytical findings with numerical results
for the dynamics of the spatial shifts for μ = − 0.10, we have to deter-
mine the parameters a, b, t1, and t2 of the transition matrix T as well
as the emission densities λi(x). In Appendix B, we demonstrate in
detail how these parameters can be obtained. For this task, we use the
two exponents of the bi-exponential decay of the correlation of the alge-
braic signs as well as the prefactors and the second exponent of the bi-
exponential decay of the distribution of zig-zag streaks. This leads to the
following system of equations:

σ3≈ � 0:86,σ4≈ � 0:20, bþ t1≈0:15, t1=t2≈10:11, ð9Þ

where the σi are the eigenvalues of the transition matrix T, with
solution:

a≈0:39, b≈0:001, t1≈0:14, t2≈0:014: ð10Þ

For the emission densities, we obtain:

λ1=2 xð Þ ≈ 0:51 � N xj∓0:77;0:24ð Þ
þ 0:49 � N xj∓2:16;0:026ð Þ;

λ3=4 xð Þ ≈ N xj∓2:16;0:026ð Þ:
ð11Þ

These densities are mixtures of the Gaussian distributions
N xj∓0:77, 0:24ð Þ and N xj∓2:16, 0:026ð Þ approximating the broader
humps and the sharp peaks in the distribution of spatial shifts,
Fig. 6. Schematic illustration of a Hidden Markov Model for the dynamics of the spatial
shifts δxt for μ = − 0.10 whose distribution is shown in Fig. 2 (d). This model is a
special case of Fig. 2 insofar as only one (narrow) Gaussian output density is associated
with states i = 3 and i = 4, respectively.

6

respectively. Note that one of the corresponding weights ϕi1 or ϕi2 of
the mixture belonging to emission density λi(x) as introduced in
Eq. (5) may be equal to zero. This is the case for the broader humps,
which only contribute to state 1 and state 2, whereas the sharp peaks
must contribute to both APRWs, i.e., to the emission densities λ1/2(x)
and λ3/4(x).

A comparison of our analytical results for the HMM shown in Fig. 6
with parameters from Eq. (10) and emission densities from Eq. (11)
with the numerically determined distribution of spatial shifts in Fig. 2
(d), the correlation of spatial shifts, and the distribution of zig-zag
streaks is shown in Fig. 7 (b) and (c). We obtain a remarkable agree-
ment. The only discrepancy in the correlation of spatial shifts for small
values of τ is due to the neglect of the small humps at the margins of
the distribution of spatial shifts. Despite of their small weight, they con-
tribute significantly to the variance of the distribution,which is identical
to the correlation function for τ = 0.

Further insight into the soliton dynamics can be obtained by intro-
ducing a symbolic dynamics representing the soliton motion. To do so,
we replace in the sequences of spatial shifts all δxt with ∣δxt ∣ < 1.75 by
−1 and all δxt with ∣δxt ∣ > 1.75 by +1. In the resulting symbolic time
series, we count the occurrences of so-called ‘plusblocks’ and
‘minusblocks’, where a plusblock of lengthΔt is defined byΔt successive
occurrences of the symbol +1, for instance,−1, + 1, + 1, + 1,− 1 for
Δt=3. Minusblocks are defined accordingly. Fig. 7 (d) shows the abso-
lute frequency of the occurrences of such blocks. The distribution of the
minusblocks decays mono-exponentially, whereas the distribution of
plusblocks decays bi-exponentially very similar to the results for the fil-
tered data. These decays are well reproduced by the HMM, but interest-
ingly, the plusblocks show even-odd oscillations, which represent
higher order statistics that is not captured by our minimal model. We
want to emphasize that we only used some details of the correlation
of the algebraic signs of the spatial shifts and of the distribution of zig-
zag streaks to determine the parameters of the HMM. But as a result,
this model is able not only to reproduce these aspects but also other de-
tails of the statistics as well as the exponential decays of the distribu-
tions of plusblocks and minusblocks.

We want to emphasize that the derived HMM for the dynamics of
the spatial shifts for μ = − 0.10 in Fig. 6 is a special case of the HMM
in Fig. 3 with the weights ϕ31 and ϕ41 of the broader humps in states 3
and 4 equal to zero.

5. Connecting anti-persistent random walks and Hidden Markov
Models

An interesting observation from the results of the previous section is
that the persistence parameter b of the Hidden Markov Model (HMM)
for the dynamics of the spatial shifts for μ = − 0.10 in Fig. 6 is nearly
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Eqs. (10) and (11), respectively. (c)Numerically determined distribution p(Δt) of zig-zag streaks from Fig. 5(b) comparedwith the associated analytical result from theHMM. (d) Absolute
frequency for the occurrence of plusblocks and minusblocks (defined in the main text) numerically determined for μ = − 0.10 and compared with corresponding numerical results
obtained from the HMM.

T. Albers, J. Cisternas and G. Radons Chaos, Solitons and Fractals 161 (2022) 112290
identical to the persistence parameter a of the Anti-Persistent Random
Walk (APRW) that describes the soliton motion for μ = − 0.18 and
whose generator is the 2-state Markov model in Fig. 4. This leads to
the assumption that the 2-state Markov model is a special case of the
more general HMM with only states 3 and 4 being present. But how
can this be? How can a continuous change of the bifurcation parameter
μ of the CQCGLE transform a 2-state Markov model into a more general
HMM and vice versa? A priori, several scenarios are conceivable. For in-
stance, the transition probability t1 from states 3 and 4 of the HMM
to states 1 and 2 could go to zero so that only states 3 and 4 survive
asymptotically. Another possibility is that the persistence parame-
ters a and b of the HMM as well as the emission densities λ1/2(x)
and λ3/4(x) become identical. In order to understand the transition
from the 2-state Markov model for μ = − 0.18 to the HMM for μ =
− 0.10 in more detail, we investigate the soliton dynamics for an in-
termediate value of the bifurcation parameter, μ=− 0.13, where ac-
cording to Fig. 2 (c), the broader humps in the distribution of spatial
shifts begin to appear. The numerical results for μ = − 0.13 are
shown in Fig. 8.

We observe that the correlation of the algebraic signs of the spa-
tial shifts, the correlation of the spatial shifts itself as well as the dis-
tribution of zig-zag streaks decay bi-exponentially in a similar way to
the case μ = − 0.10. Moreover, in Fig. 9 (a), we can see that also the
distribution of zig-zag streaks for appropriate filtered sequences of
spatial shifts belonging to the broader humps or the sharper peaks
in the distribution of spatial shifts show a mono-exponential or a
bi-exponential decrease, respectively. Therefore, we can conclude
that the HMM shown in Fig. 6 should also describe the dynamics of
the spatial shifts for μ=− 0.13. For the determination of the param-
eters of the HMM,we can follow exactly the same procedure as in the
case μ = − 0.10, which is described in detail in Appendix B. Again,
we use the bi-exponential fits from the correlation of algebraic
7

signs of spatial shifts and the distribution of zig-zag streaks in order to
obtain the following system of equations:

σ3≈ � 0:92,σ4≈ � 0:28, bþ t1≈0:078, t1=t2≈0:67 ð12Þ

with solution:

a≈0:31, b≈0:012, t1≈0:065, t2≈0:098: ð13Þ

For the emission densities, we get:

λ1=2 xð Þ ≈ 0:5 � N xj∓0:85;0:32ð Þ
þ 0:5 � N xj∓2:2;0:02ð Þ;

λ3=4 xð Þ ≈ N xj∓2:2;0:02ð Þ:
ð14Þ

Fig. 9 (b), (c), and (d) show a comparison of the correlation func-
tions, the distribution of zig-zag streaks and the statistics of plus- and
minusblocks with the HMM from Fig. 6 with parameters from Eq. (13)
and emission densities from Eq. (14). We can see an excellent agree-
ment, even better than in the case μ = − 0.10.

With the transition probabilities t1 and t2 and the stationary
distribution p ∗ = (p1∗,p2∗,p3∗,p4∗)T in Eq. (B.4) of Appendix B, we can
calculate the weights w1 = p1

∗ + p2
∗ and w2 = p3

∗ + p4
∗ of two APRWs,

where the first one is generated by the dynamics of the spatial shifts
represented by the states 1 and 2 of the HMM in Fig. 6 and the second
one is generated by the states 3 and 4. For μ = − 0.10, we obtain
w1 = 0.91 and w2 = 0.09, and for μ = − 0.13, we get w1 = 0.40 and
w2 = 0.60. The important point to realize is that the weight w1 of the
first APRW decreases for a decreasing value of μ. When the value of
the bifurcation parameter μ becomes even smaller, this weight goes to
zero and only the second APRW generated by the states 3 and 4 of the
original HMM remains. This APRW can be identified with the one that
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was found and studied in detail in a previous publication [39] for μ =
− 0.18.

In a next step, we want to investigate what happens to the HMM
if we change the bifurcation parameter μ in the opposite direction. It
is natural to assume that if the value of the bifurcation parameter μ
becomes larger than −0.10, the weight of the first APRW further in-
creases and the weight of the second APRW further decreases. In
order to check this hypothesis, we investigate the soliton dynamics
for μ = − 0.03. The corresponding numerical results are shown in
Fig. 10.

Again, we find bi-exponentially decaying correlations and distribu-
tions of zig-zag streaks. An analysis of the bi-exponentialfit of the distri-
bution of zig-zag streaks according to the evaluation in Appendix B
for μ = − 0.10 gives the weights w1 and w2 of the two APRWs for μ =
− 0.03. We obtain w1 = 0.69 and w2 = 0.31, thus violating our
hypothesis. Interestingly, based on the HMM shown in Fig. 6, these
weights are incompatible with the weight of the broader humps in the
distribution of spatial shifts in Fig. 10 (b). How can the broader humps
capture roughly 80 % of the weight in the distribution of spatial shifts
when they only appear in the first APRW that captures roughly 70 %
of the HMM? The answer is that now the broader humps contribute to
both APRW, whereas the sharper peaks contribute to only one of
them. This leads to the modified HMM shown in Fig. 11.

This newHMM changes the procedure of the determination of its pa-
rameters in one point compared to the procedure described in Appendix
B. The second exponential decrease of the distribution of zig-zag streaks
is now additionally influenced by the fact that, for instance, a positive
emission on state 4 is only obtained with probability λ4

+ < 1. This
means that the second exponential decrease of the distribution of zig-
zag streaks should be proportional to ((1 − b − t1)λ4

+)Δt. The rest of
8

the procedure remains unchanged leading to the following system of
equations:

σ3≈ � 0:78,σ4≈ � 0:29, bþ t1≈0:26, t1=t2≈2:23 ð15Þ

with solution:

a≈0:27, b≈0:021, t1≈0:24, t2≈0:11: ð16Þ

The emission densities are now given by:

λ1=2 xð Þ ≈ N xj∓0:72;0:22ð Þ;
λ3=4 xð Þ ≈ 0:29 � N xj∓0:72;0:22ð Þ

þ 0:71 � N xj∓2:2;0:028ð Þ:
ð17Þ

Fig. 12 compares all numerically determined statistics of the soliton
motion for μ=− 0.03with the HMM shown in Fig. 11with parameters
fromEq. (16) and emission densities fromEq. (17). Again,wefinda very
good agreement. However, whereas the bi-exponential decrease of the
distribution of minusblocks is very well reproduced, our model fails in
reproducing the second exponential decay of the distribution of
plusblocks. A possible reason is the neglect of the small humps at the
margins of the distribution of spatial shifts shown in Fig. 10 (b), which
are not incorporated in our minimal model.

Note that similar to the HMMs found for μ=− 0.13 and μ=− 0.10,
also the HMM for μ = − 0.03 in Fig. 11 is a special case of the HMM
shown in Fig. 3 with the weights ϕ12 and ϕ22 of the sharp peaks in
states 1 and 2 equal to zero.

In Tables 1 and 2, all parameters of the HMMs that we determined
for the different values of the bifurcation parameter μ are summarized.
From Table 2, we can see that for the cases μ=− 0.13 and μ=− 0.10,
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Fig. 9. The same compilation of statistical data as in Fig. 7 but now for μ=− 0.13 shows quantitative but no qualitative differences. The black lines in (a) belonging to the red squares and
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the emission densities are nearly identical. Moreover, the emission
densities on states 3 and 4 almost coincide with the emission densities
on states 3 and 4 for the case μ=− 0.18 (except for very small changes
of the mean and the variance of the Gaussian distributions). Because of
that and the fact that the weightw1 of the first APRW that is generated
by states 1 and 2 is smaller for μ=− 0.13 than for μ=− 0.10, it is nat-
ural to assume that this weight further decreases for further decreasing
bifurcation parameter μ. This leads to the conclusion that this weight
goes to zero, and for μ = − 0.18, only the second APRW generated by
states 3 and 4, which was already found in [39], remains. Therefore,
the transition from the single APRW for μ=− 0.18 generated by a sim-
ple 2-state Markov process to themore complex HMM for larger values
of μ occurs by the appearance of another APRWwith increasing weight.
For the largest bifurcation parameter in our investigation, μ = − 0.03,
the weight w1 is also smaller than for the case μ = − 0.10, but here
also the emissions on the four states change significantly.

6. Discussion

In previous publications [39,40], we investigated the soliton dynam-
ics governed by the complex cubic-quintic Ginzburg-Landau equation
for two specific values of the bifurcation parameter μ. For μ = − 0.18,
we found that the soliton motion can be well described by an Anti-
Persistent Random Walk (APRW) whose sequences of spatial shifts
are generated by the simple 2-state Markov process that is shown in
Fig. 4. For μ=− 0.10, however, we realized that the latter has to be re-
placed by the more complex Hidden Markov Model (HMM) in Fig. 6,
where states 1 and 2 aswell as states 3 and 4 can be interpreted as gen-
erators of two APRWs with transitions between them captured by the
probabilities t1 and t2. In accordance with these findings, correlations
in the soliton dynamics decrease mono-exponentially for μ = − 0.18,
whereas for μ = − 0.10, bi-exponential decays of correlations were
found. These previous studies posed the question of how a continuous
9

change of the bifurcation parameter μ of the underlying nonlinear par-
tial differential equation transforms a simple 2-state Markov process
into a more complex HMM and vice versa.

At least, two possible scenarios are obvious: one of the two involved
APRWs of the HMM vanishes in some way or both APRWs become iden-
tical. In the first case, if the ratio of the transition probabilities t1 and t2,
which solely determines the stationary distribution p ∗ according to
Eq. (B.4), decreases, theweightw1= p1

∗+ p2
∗ of thefirst APRWgenerated

by states 1 and 2 of the HMM also becomes smaller. In the limit t1 → 0,
only states 3 and 4 of the HMM generating the second APRW asymptoti-
cally remain because thefirst APRWbehaves as a repeller. Interestingly, in
this case, the two eigenvalues σ3 and σ4 in Eq. (B.1) of the transition
matrix T in Eq. (3) do not coincide. Nevertheless, the correlation
functions decay mono-exponentially due to a vanishing contribution
from the eigenvalue σ4 because the corresponding dyadic product of
right and left eigenvectors multiplied with the vectors and matrices
appearing in Eqs. (6) and (7) gives zero for t1 → 0. Therefore, the
eigenvalue σ3 determines the mono-exponential decay of the correlation
functions. In the second scenario, because of the vanishing broader
humps in the distribution of spatial shifts for decreasing values of the
bifurcation parameter μ, see Fig. 2 (c), one could assume that they also
disappear in the emission densities of the states 1 and 2. If additionally
the structural parameters of the HMM change such that a= b and t1 =
t2, both APRWs are identical. Also in this second case, the eigenvalues σ3

andσ4 donot coincide. Nevertheless, similar to thefirst case and because
of the symmetry of the emissions, i.e., λ1(x) = λ3(x) = λ2(−x) =
λ4(−x), only one of the eigenvalues contributes to the correlation
functions. However, in this second scenario, it is the eigenvalue σ4 that
determines the mono-exponential decay of the correlation functions.

With our investigation of the soliton dynamics for μ=− 0.13 in this
article, where we found that the transition probability t1 becomes
smaller compared to the case μ = − 0.10, whereas the emission
densities on the four states remain unchanged, we showed that the
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Fig. 10. The same statistical analysis as in Fig. 8 but now for a larger value of the bifurcation parameter, μ=−0.03. In contrast to the cases μ=− 0.13 and μ=− 0.10, the broader humps in
the distribution p(δx) of spatial shifts in (b) have a much larger weight leading to significant changes of the emission densities of the associated HMM shown in Fig. 11. This model with
parameters from Eq. (16) and emission densities from Eq. (17) leads to a Gaussian mixture of the output density (blue line in (b)), 0:39 ⋅ N xj�0:72, 0:22ð Þ þ 0:11 ⋅ N xj�2:2, 0:028ð Þ,
that approximates the distribution of spatial shifts quite well. The numerically determined correlations Cδx(τ) and CS(τ) in (c) decay bi-exponentially again. The corresponding fits are
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The associated fit is given by 0.28 ⋅ exp (−0.51 ⋅ Δt) + 0.083 ⋅ exp (−0.31 ⋅ Δt).
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first scenario is taking place. The weight w1 of the first APRW becomes
smaller when the bifurcation parameter μ is decreased from −0.10 to
−0.13 and eventually goes to zero explainingwhy the soliton dynamics
for μ=− 0.18 can bewell described by a single APRWas itwas found in
Fig. 11. Schematic illustration of a Hidden Markov Model for the dynamics of the

10
a previous article [39]. Moreover, we also studied how the HMM
changes if the parameter μ is varied in the opposite direction, i.e., if it be-
comes larger than−0.10. For the case μ=− 0.03, we found that beside
the changes in the structural parameters of the underlying Markov
spatial shifts δxt for μ = − 0.03 whose distribution is shown in Fig. 10 (b).
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Image of Fig. 11
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Fig. 12. The same statistical quantities as in Fig. 9 numerically determined for the larger bifurcation parameter μ=− 0.03 and compared with corresponding analytical results (blue di-
amonds) for theHMMshown in Fig. 11with parameters from Eq. (16) and emission densities from Eq. (17). In Figure (a), the distribution p(Δt) of zig-zag streaks is shown for two filtered
sequences of spatial shifts, where the first one corresponds to all δxt belonging to the broader humps (red squares) and the second one contains all δxt belonging to the sharp peaks (green
circles). The black lines are bi-exponential fits, 0.037 ⋅ exp (−2.32 ⋅Δt) + 0.35 ⋅ exp (−0.46 ⋅Δt) and 0.13 ⋅ exp (−0.96 ⋅Δt) + 0.26 ⋅ exp (−0.40 ⋅Δt), respectively. In Figures (b), (c), and
(d), the correlations Cδx(τ) of spatial shifts δxt and CS(τ) of the algebraic signs St of the spatial shifts, the distribution of zig-zag streaks, and the absolute frequencies for the occurrence of
plusblocks and minusblocks are compared with analytical results for the corresponding HMM.
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process, also the emission densities of the four states change significantly.
Because of the increased transition probabilities t1 and t2 for this case, the
anti-persistent nature of states 1 and 2 as well as states 3 and 4 captured
by the probabilities 1 − a − t2 and 1 − b − t1, respectively, becomes
weaker. Therefore, it seems that for larger values of the bifurcation
parameter μ, the concept of two coupled APRWs starts to disintegrate.
This view is supported also by our observation that near μ = − 0.03
the waiting times start to be replaced by a new sub-process without
jumps, namely one with symmetric explosions [66]. This obviously does
not affect our treatment of the diffusive properties via Hidden Markov
Models since only the character of thewaiting times is refined. An explicit
inclusion of such non-transporting states with symmetric explosions is
possible if desired, but would require for its description a more complex
HMMwith additional states.

7. Summary

In summary, we have shown that the infinite-dimensional dynamics
of the cubic-quintic complex Ginzburg-Landau equation can be reduced
to a one-dimensional dynamics in a physicallymeaningfulway by consid-
ering the center of mass of the solitons in dependence on time, i.e., the
Table 1
Summary of the determined structural parameters of the Hidden Markov Models for the
dynamics of the spatial shifts of the soliton motion for different values of the bifurcation
parameter μ of the complex Ginzburg-Landau equation.

μ a b t1 t2 w1 w2

−0.18 – 0.001 0 – 0 1
−0.13 0.31 0.012 0.065 0.098 0.40 0.60
−0.10 0.39 0.001 0.14 0.014 0.91 0.09
−0.03 0.27 0.021 0.24 0.11 0.69 0.31
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soliton motion. The incremental process of the latter is well described
by a finite state hidden Markov process, which is a minimal model able
to reproduce the statistics under consideration. This model leads to a su-
perposition of two Anti-Persistent RandomWalks for the soliton motion,
where the occurrence of the second Anti-Persistent Random Walk for
larger values of the bifurcation parameter μ of theGinzburg-Landau equa-
tion might belong to the appearance of a further attractor in the system
demonstrating that this statistical analysis enriches the understanding
of the underlying nonlinear dynamics. Furthermore, we have analyzed
the HiddenMarkovModel for several values of the bifurcation parameter
μ. This analysis revealed the transition from the single Anti-Persistent
RandomWalk for smaller values of μ to themore general HiddenMarkov
Model for larger values of μ by the appearance of another Anti-Persistent
RandomWalkwith continuously increasing weight during the transition.
In addition, such a surprising relation between partial differential equa-
tions and HiddenMarkovModels connects soliton diffusionwith the the-
ory of complexity of dynamical systems as pioneered for low-dimensional
systems in [67,68] and in this spirit with recent results for entropy rates of
Hidden Markov Models, see e.g. [69,70]. Note that the inclusion of
Summary of the determined weights ϕij, defined in Eqs. (5) and (B.8), of the broader
humps (j = 1) and the sharp peaks (j = 2) for the emission densities λi(x) on state i of
the Hidden Markov Models shown in Figs. 6 and 11 for different values of the
bifurcation parameter μ. Due to symmetry of the emissions, ϕ1j = ϕ2j represents the
first Anti-Persistent Random Walk and ϕ3j = ϕ4j the second one.

μ ϕ11 ϕ12 ϕ31 ϕ32

−0.18 – – 0 1
−0.13 0.50 0.50 0 1
−0.10 0.51 0.49 0 1
−0.03 1 0 0.29 0.71

Image of Fig. 12
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(physically relevant) higher-order terms in the Ginzburg-Landau equa-
tion can destroy the left-right symmetry thus leading to drifting motion
[31]. One expects that in these more general systems, chaotic diffusion
and drift can occur together. Furthermore, because of the general relation
between partial differential equations and time-delayed systems [38], ex-
plosions were also found in the latter [37]. We expect that our approach
can be extended to these systems.
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Appendix A. Derivation of the analytical results for the Hidden
Markov Model

A.1. Derivation of Eq. (7)

In the following, we use the transfer matrix method to derive an an-
alytical expression for the correlation of the spatial shifts for the Hidden
Markov Model (HMM) shown in the main text in Fig. 3. We start with
the definition of the correlation function (covariance function) of the
spatial shifts δxt using the property 〈δxt〉 = 0 and the probability
density p(δx, t;δx′, t + τ) to find a spatial shift δx at discrete time t and
a spatial shift δx′ at discrete time t + τ,

Cδx τð Þ ¼ δxt δxtþτh i
¼
Z ∞

−∞

Z ∞

−∞
δxδx0p δx; t; δx0; t þ τð Þd δxð Þd δx0ð Þ: ðA:1Þ

As a next step, we introduce the probability (density)3 p(δx, i, t;δx′,
j, t + τ) of being in state i of the HMM at time t and in state j at time
t + τ with corresponding emissions δx and δx′, respectively, and the
corresponding conditional probability (density) p(δx′, j, t + τ|δx, i, t)
and use it to calculate the probability density appearing in Eq. (A.1),

p δx, t; δx0, t þ τð Þ ¼ ∑
4

i¼1
∑
4

j¼1
p δx, i, t; δx0, j, t þ τð Þ

¼ ∑
4

i¼1
∑
4

j¼1
p δx0, j, t þ τ δx, i, tj Þp δx, i, tð Þ:ð

ðA:2Þ

The probability (density) p(δx, i, t) to be in state i at time twith emis-
sion δx (distributed according to λi(δx)) can bewritten for large times t,
where the process converges to the stationary distribution p ∗, as

p δx, i, tð Þ ¼ λi δxð ÞbeTi p∗, ðA:3Þ
3 p(δx, i,t;δx′,j,t+ τ) is a probability density with respect to δx and δx′ and a probability
with respect to i and j
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where bei is the unit vector in the ith direction, i.e., bei� �
j ¼ δij. By using the

transition matrix (transfer matrix) T of the HMM in Eq. (3) of the main
text, the conditional probability (density) p(δx′, j, t + τ|δx, i, t) can be
written as

p δx0, j, t þ τ δx, i, tjð Þ ¼ λj δx0ð ÞbeTj Tτ bei: ðA:4Þ

Here, we used that the emission δx′ at time t+ τ does not depend on
the emission δx at time t for τ>0 implying that this derivation is correct
for τ> 0. For τ=0, the correlation function of the spatial shifts is equal
to the secondmoment of the spatial shifts. Bymultiplying Eq. (A.4)with
Eq. (A.3), we get

p δx, i, t; δx0, j, t þ τð Þ
¼ λj δx0ð ÞbeTj Tτ beiλi δxð ÞbeTi p∗

¼ λj δx0ð ÞbeTj Tτ λi δxð ÞEip∗,

ðA:5Þ

where we introduced the projection matrix Ei ≔ beibeTi . Evaluating the
double sum in Eq. (A.2) results in

p δx, t; δx0, t þ τð Þ ¼ ηTΛ δx0ð ÞTτΛ δxð Þp∗ ðA:6Þ

with ηT = (1,1,1,1) and Λ(δx) = diag (λ1(δx),λ2(δx),λ3(δx),λ4(δx)).
Evaluating the double integral in Eq. (A.1), we obtain Eq. (7). For the
correlation function of the algebraic signs St = sign (δxt) of the spatial
shifts, an analogous derivation can be done leading to Eq. (6).

A.2. Derivation of Eq. (8)

In the following, we derive an analytical expression for the distribu-
tion of zig-zag streaks of length Δt defined in the main text for an even
value of Δt. An analogous derivation can be done for an odd value of Δt.
Because of the symmetry of the distribution of spatial shifts, zig-zag
streaks of lengthΔt startingwith+1 or−1 are equiprobable. Therefore,
the probability of a zig-zag streak of length Δt is twice the probability of
observing a sequence of algebraic signs+1,− 1,+1,…, + 1,+1 at dis-
crete instants of time from 0 to Δt + 1,

p Δtð Þ ¼ 2p þ1, 0; � 1, 1;þ1, 2; . . . ;þ1,Δt;þ1,Δt þ 1ð Þ: ðA:7Þ

By introducing a joint probability also containing the state it of the
HMM at discrete time t and using the main property of Markov pro-
cesses, we can write

p Δtð Þ ¼
2

X
i0 ;…;iΔtþ1¼1;2;3;4

p þ1; i0;−1; i1;þ1; i2;…;þ1; iΔt ;þ1; iΔtþ1ð Þ

¼ 2
X

i0 ;…;iΔtþ1¼1;2;3;4

p þ1; iΔtþ1j þ 1; iΔtð Þp þ1; iΔt −1; iΔt−1jð Þ

⋯p −1; i1 þ1; i0jð Þp þ1; i0ð Þ:

ðA:8Þ

The conditional probability p(+1, iΔt+1|+1, iΔt) of being in state
iΔt+1 at time Δt + 1 with emission +1 under the condition of being in
state iΔt at time Δt with emission +1 can be written as

p þ1, iΔtþ1jþ1, iΔtð Þ ¼ λþ
iΔtþ1

beTiΔtþ1
TbeiΔt ðA:9Þ

with the same notation as in the previous appendix. Similar expressions
can be found for all conditional probabilities appearing in Eq. (A.8).
Under the assumption that the process has already converged to the
stationary distribution p ∗, the probability p(+1, i0) of being in state i0
at time 0 with emission +1 can be written as

p þ1, i0ð Þ ¼ λþ
i0
beTi0 p∗: ðA:10Þ

By inserting Eqs. (A.9) and (A.10) into Eq. (A.8) and evaluating the
(Δt + 2)-fold sum in Eq. (A.8), we obtain Eq. (8).
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Appendix B. Determination of the parameters of the HiddenMarkov
Model for μ = − 0.10

In order to compare the analytical results for the Hidden Markov
Model (HMM) shown in Fig. 6 of the main text with the corresponding
numerical results for the soliton motion, we have to determine the pa-
rameters of the HMM, i.e., the values of the four probabilities a, b, t1,
and t2 and the emission densities λi(x), i.e., the probability densities on
the four states from which the output on the corresponding state is
drawn randomly.

We start with the analytical expression for the correlation function
CS(τ) of the algebraic signs of the spatial shifts in Eq. (6) of the main
text. We use the spectral decomposition of the transition matrix T,
i.e., T = ∑i=1

4 σi ∣ σi〉〈σi∣, where σi are the eigenvalues, and ∣σi〉 and
〈σi∣ are the right and left eigenvectors, respectively, of the transitionma-
trix T obeying 〈σi|σj〉= δij and∑i=1

4 ∣ σi〉〈σi ∣= I, where I is the identity
matrix. It follows that Tτ = ∑i=1

4 σi
τ ∣ σi〉〈σi∣. The eigenvalues of the

transition matrix T in Eq. (3) are given by

σ1 ¼ 1, σ2 ¼ 1 � t1 � t2,

σ3=4 ¼ 1
2

� 2þ 2aþ 2bþ t1 þ t2ð

∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2aþ 2bþ t1ð Þ2 þ 2 2a � 2bþ t1ð Þt2 þ t22

q �
:

ðB:1Þ

Interestingly, the dyadic product of right and left eigenvectors be-
longing to the first and second eigenvalue multiplied with the vectors
and matrices appearing in Eq. (6) gives zero as long as the symmetry
λ1(−x) = λ2(x) and λ3(−x) = λ4(x) is fulfilled. Therefore, the third
and fourth eigenvalue of T to the power of τ are responsible for the bi-
exponential decay of the correlation function CS(τ). Using the fitted bi-
exponential decay of the correlation function CS(τ) in Fig. 5 (a), it
follows that σ3 ≈ − 0.86 and σ4 ≈ − 0.20.

We numerically found that the distribution p(Δt) of zig-zag streaks
of length Δt in the soliton motion is very well described by a bi-
exponential decay,

p Δtð Þ≈0:39 ⋅ e � 0:56 ⋅ Δt þ 0:013 ⋅ e � 0:16 ⋅ Δt : ðB:2Þ

By using the geometric series, i.e., ∑Δt=0
∞ e−aΔt = 1/(1 − e−a), this

normalized probability distribution with ∑Δt=0
∞ p(Δt) = 1 can be

interpreted as the weighted sum of two normalized mono-
exponential distributions,

p Δtð Þ≈0:91 ⋅ 0:43 ⋅ e � 0:56 ⋅ Δt þ 0:09 ⋅ 0:15 ⋅ e � 0:16 ⋅ Δt , ðB:3Þ

where the weights are given by 0.91 and 0.09. This weighted sum re-
sults from the weighted superposition of two Anti-Persistent Random
Walks, where a single one shows a mono-exponential decay of the dis-
tribution p(Δt). In the HMMshown in Fig. 6 of themain text, state 1 and
2 belong to the first Anti-Persistent RandomWalk (with persistence pa-
rameter a) and state 3 and 4 to the secondone (with persistence param-
eter b),where transitions between them are given by the probabilities t1
and t2. The stationary distribution of the HMM results from the transi-
tion matrix T in Eq. (3) of the main text and is given by

p∗ ¼ 1
2 t1 þ t2ð Þ

t1
t1
t2
t2

0BBB@
1CCCA ðB:4Þ

and should, therefore, reproduce the weights of the mono-exponential
distributions, i.e., t1/(t1 + t2) ≈ 0.91 and t2/(t1 + t2) ≈ 0.09. It follows
that t1/t2 ≈ 10.11.

Furthermore, very long zig-zag streaks in the soliton motion are
purely caused by the Anti-Persistent Random Walk with the smaller
persistence parameter. In Section 4 of the main text, we numerically
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determined the distribution of zig-zag streaks for filtered sequences
of spatial shifts δxt. For the filtered sequence which contains all δxt
belonging to the sharp peaks in the distribution of spatial shifts
shown in Fig. 2 (d), we found a bi-exponential decay of the distribution
of zig-zag streaks, where the second exponential decay is nearly
identical to the second exponential decay of the distribution of zig-zag
streaks for the unfiltered data. This means that the Anti-Persistent
Random Walk belonging to the states 3 and 4 of the HMM shown
in Fig. 6 is responsible for the very long zig-zag streaks. As a conse-
quence and according to that HMM, the second exponential decay of
the distribution of zig-zag streaks in Fig. 5 (b) should be proportional
to (1− b − t1)Δt. Therefore, we can conclude that b + t1 ≈ 0.15.

These considerations lead to the following system of equations

σ3≈ � 0:86,σ4≈ � 0:20, bþ t1≈0:15, t1=t2≈10:11, ðB:5Þ

whose solution gives us the desired values of the parameters of the
HMM,

a≈0:39, b≈0:001, t1≈0:14, t2≈0:014: ðB:6Þ

We approximated the numerically determined distribution of
spatial shifts shown in Fig. 2 (d) of the main text by a weighted sum
of four Gaussian distributions, which is also shown in Fig. 2 (d),

p δxð Þ≈∑
4

k¼1
ωkN δx uk,σ2

k



� �
, ðB:7Þ

where N xju,σ2
� �

is a Gaussian distribution with mean value u and
variance σ2, i.e., N xju,σ2

� � ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffi
2πσ2

p� �
exp � x � uð Þ2= 2σ2

� �� �
.

Due to symmetry, we have u1 = − u4, σ1
2 = σ4

2, and ω1 = ω4 as
well as u2 = − u3, σ2

2 = σ3
2, and ω2 = ω3 with the numerically

determined values u1 = − 2.16, u2 = − 0.77, σ1
2 = 0.026, σ2

2 =
0.24, ω1 = 0.27 and ω2 = 0.23 and this means that the first and the
fourth Gaussian distributions represent the sharper peaks of the
distribution of spatial shifts and the second and third one represent
the broader humps.

In order to reproduce thisweighted sumof Gaussiandistributions by
the Hidden Markov Model, we choose Gaussian mixtures for the emis-
sion densities λi(x) on state i. In general, we can write

λi δxð Þ ¼ ∑
2

j¼1
ϕijN δx uij,σ2

ij




� �
, ðB:8Þ

where the index j identifies the broader humps (j=1) and the sharp
peaks (j = 2) and one has ϕi1 + ϕi2 = 1. Because of the exact left-
right symmetry of the system, we have for the parameters of the out-
put distributions u1j = − u2j, σ1j

2 = σ2j
2 , ϕ1j = ϕ2j, u3j = − u4j, σ3j

2 =
σ4j
2 , and ϕ3j = ϕ4j, and from the numerically observed “top-down”

symmetry of the Gaussian shapes, we get u1j = u3j, σ1j
2 = σ3j

2 , u2j =
u4j, and σ2j

2 = σ4j
2 . Because of the distribution of zig-zag streaks for

the filtered data shown in Fig. 7 (a) of the main text, which decays
mono-exponentially for the broader humps but bi-exponentially
for the sharper peaks, the latter must contribute to both Anti-
Persistent Random Walks. Therefore, we choose a Gaussian mixture
for the emission densities λ1/2(x) of the HMM shown in Fig. 6 of the
main text and a simple Gaussian distribution for the emission densi-
ties λ3/4(x), i.e.,

λ1 δxð Þ ¼ ϕ12N δxju1;σ2
1

� �þ ϕ11N δxju2;σ2
2

� �
;

λ2 δxð Þ ¼ ϕ11N δxj−u2;σ2
2

� �þ ϕ12N δxj−u1;σ2
1

� �
;

λ3 δxð Þ ¼ N δxju1;σ2
1

� �
;

λ4 δxð Þ ¼ N δxj−u1;σ2
1

� � ðB:9Þ

withϕ11 + ϕ12= 1. If the emission densities λi(δx) are weighted by the
stationary distribution of the HMM in Eq. (B.4), they should reproduce
Eq. (B.7), i.e.,
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p δxð Þ≈∑
4

i¼1
p∗i λi δxð Þ: ðB:10Þ

We can conclude that, e.g., p1∗ϕ11 =ω2 leading to the weights of the
Gaussian mixture,

ϕ12 ¼ 0:49, ϕ11 ¼ 0:51: ðB:11Þ
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