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This paper presents two adaptive Kalman filters (KFs) for nonlinear model updating where,
in addition to nonlinear model parameters, the covariance matrix of measurement noise is
estimated recursively in a near online manner. Two adaptive KF approaches are formulated
based on the forgetting factor and the moving window covariance-matching techniques
using residuals. Although the proposed adaptive methods are integrated with the
unscented KF (UKF) for nonlinear model updating in this paper, they can be alternatively
combined with other types of nonlinear KFs such as the extended KF (EKF) or the ensemble
KF (EnKF). The performance of the proposed methods is investigated through two numer-
ical applications and compared to that of a non-adaptive UKF and an existing dual adaptive
filter. The first application considers a nonlinear steel pier where nonlinear material prop-
erties are selected as updating parameters. Significant improvements in parameter estima-
tion results are observed when using adaptive filters compared to the non-adaptive
approach. Furthermore, the covariance matrix of simulated measurement noise is esti-
mated from the adaptive approaches with acceptable accuracy. Effects of different types
of modeling errors are studied in the second numerical application of a nonlinear 3-
story 3-bay steel frame structure. Similarly, more accurate and robust parameter estima-
tions and response predictions are obtained from the adaptive approaches compared to
the non-adaptive approach. The results verify the effectiveness and robustness of the pro-
posed adaptive filters. The forgetting factor and moving window methods are shown to
have a simpler tuning process compared to the dual adaptive method while providing sim-
ilar performance.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Model updating is the process of tuning structural models using measured data in order to improve the model prediction
accuracy. The updated models, especially mechanics-based models, have been shown to be effective for response prediction
of dynamic structural systems, structural assessment, and damage identification. The updating process can be performed
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deterministically through an optimization process or probabilistically through Bayesian inference. Many numerical/labora-
tory studies and a few of real-world applications of FE model updating through optimization and/or Bayesian inference have
been completed with satisfactory results [1–13]. Lam et al. implemented Bayesian model updating of a coupled slab system
using modal parameters identified from fast Bayesian FFT method [14,15]. Behmanesh et al. applied a hierarchical Bayesian
framework to study the effect of environmental variability on the uncertainty of model parameters on a footbridge [16] and
performed model extrapolation to predict modal parameters at a different structural state for a 10-story building [17]. Song
et al. performed damage identification of a two-story reinforced concrete (RC) building through a modeling updating strat-
egy and compared the results with lidar data [18]. In another study, Song et al. implemented hierarchical Bayesian model
updating [19] to account for the amplitude-stiffness nonlinear structural behavior of the same RC building using a linear
FE model [20]. Ebrahimian et al. have used an output-only Bayesian finite element (FE) model updating techniques to esti-
mate jointly the soil-structure model parameters and time histories of foundation input motions for the Millikan library
building [21].

The response behavior of civil structures is nonlinear in nature due to material and geometric nonlinearities. The nonlin-
ear effects become more significant under larger input loads. Linear dynamic models are only capable of representing civil
structures at low amplitudes of vibration. For structures subjected to moderate to large excitations such as seismic loads,
nonlinear models should be used for accurate response prediction and structural assessment. The literature includes only
few real-world applications of nonlinear model updating. Asgarieh et al. performed nonlinear FE model updating of a
large-scale three-story RC frame [22] and a seven-story shear wall [23] tested on shake-table using nonlinear response of
the two structures subjected to different earthquake excitations.

Kalman filters (KFs) have received increased attention from the civil engineering community recently for state estimation,
parameter estimation, joint state-parameter estimation, and input estimation. KF methods, also referred to as recursive iden-
tification methods, can provide certain advantages compared to traditional batch Bayesian model updating method, in which
the posterior probability distribution of parameters is updated through a one-step Bayesian inference using the batch of
available measurement all at once. Such advantages include (1) the potential for near real-time or near online structural
health monitoring through updating structural state/parameter recursively, and (2) the computational efficiency of KF meth-
ods compared to batch Bayesian model updating. Several extensions of KFs exist for applications to nonlinear structural sys-
tems, such as the extended KF (EKF), the unscented KF (UKF), and particle filters (PFs). Some numerical/laboratory
applications of KF have been performed on linear and nonlinear civil structures [24–32]. Wu and Smyth investigated and
compared the performance of EKF and UKF for model updating of linear and nonlinear systems [33]. Chatzi and Smyth
applied UKF and PF for nonlinear model updating using non-collocated heterogeneous data [34]. Xie and Feng studied the
performance of iterated UKF for model updating and compared it with UKF [35]. Ebrahimian et al. implemented EKF for
parameter estimation of mechanics-based nonlinear FE model [36] and joint input-parameter estimation [37]. Eftekhar-
Azam et al. proposed a dual KF approach for joint state-input estimation using output-only measurements and compared
with other existing input estimation methods [38,39]. Astroza et al. employed UKF for model updating of nonlinear civil
structures [40] and seismic input estimation [41], and investigated the effect of modeling errors on parameter estimation
[42]. Erazo et al. applied KF for damage assessment of a numerical bridge model and decoupled the effects between struc-
tural damage and changing environmental conditions [43]. In another study, Erazo et al. used a UKF for nonlinear model
updating and state estimation of a full-scale seven-story shear wall building structure tested on a shake table [44].

Nonlinear KF methods are generally sensitive to the filter parameters and a general approach is lacking for setting the
filtering parameters. For example, covariance matrices of process and measurement noises have significant impacts on
the filter performance and improper values for these may result in estimation inaccuracy or divergence. In real-world appli-
cations, these covariance matrices are usually unknown, and a trial-and-error tuning process is often adopted to determine
suitable values for them [45]. Furthermore, modeling errors are unavoidable for large-scale and complex civil structures and
have substantial effects on model updating and model predictions. In the presence of significant modeling errors, the mea-
surement noise term, which originally represents the prediction error in KF, can incorporate the effects of modeling errors
and its covariance matrix should be considered time-varying since modeling errors often changes with the amplitude of
response and the level of response nonlinearity. Poor parameter estimations have been observed using the non-adaptive
UKF by Astroza et al. [42] due to the effects of modeling errors. Several adaptive KF methods exist in the literature that
can provide an estimate for the process noise and measurement noise covariance matrices. These methods can be catego-
rized into Bayesian methods, maximum likelihood methods, correlation methods, and covariance-matching methods [46].
Covariance-matching technique is shown to be an effective and easy-to-implement method and has been applied in a
few applications in signal processing with reasonable success [47]. Yuen and Kuok proposed an adaptive EKF method using
Bayesian method for online estimation of noise covariance [48]. Astroza et al. proposed a dual adaptive UKF to account for
the effects of modeling errors for model updating and provided improved parameter estimation results [49]. Almagbile et al.
proposed and compared the performance of innovation-based and residual-based covariance-matching techniques for GPS/
INS integration [50]. Akhlaghi et al. proposed a forgetting factor adaptive EKF based on residuals for dynamic state estima-
tion [51].

This study proposes adaptive KF methods for nonlinear model updating based on two types of covariance-matching tech-
niques: forgetting factor method and moving window method. Each of the methods is formulated based on innovation as
well as residual terms in the KF formulation to estimate the covariance of measurement noise recursively. The forgetting
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factor and moving window adaptive filters are applied to two numerical applications and their results are compared to those
from the non-adaptive UKF and a dual adaptive filter.

2. Adaptive KF for nonlinear model updating

2.1. Non-adaptive KF

The parameter estimation formulation for nonlinear model updating using Kalman-based filters can be written as [36]:
hkþ1 ¼ hk þwk wk � Nð0;Q kÞ
ykþ1 ¼ hkþ1ðhkþ1;u1:kþ1Þ þ vkþ1 vkþ1 � Nð0;Rkþ1Þ

�
ð1Þ
in which hk is the vector of updating model parameters, e.g., unknown stiffness, mass, or material constitutive model param-
eters; ykþ1 is the measurement vector at time step k + 1, hkþ1ðhkþ1;u1:kþ1Þ refers to the response function of the nonlinear
numerical model, e.g., FE model; u1:kþ1 is the history of input vector to the system, e.g., earthquake excitation; wk and
vkþ1 are the process and measurement noise vectors with covariance matrices Q k and Rkþ1, respectively. In most applica-
tions, Q k and Rkþ1 are taken as constant time-invariable terms. Note that Q k and Rkþ1 are unknown in real-world applica-
tions; the selection of these filtering parameters can affect the performance of the filter and may even result in its
divergence. For systems with time-invariant parameters, although the covariance of process noise Q k can ideally be set as
zero, but a small nonzero value of Q k is suggested to facilitate faster parameter convergence. Note that the filter may never
converge or even diverge if Q k is set to zero in applications where the initial state is far from the true value or the initial
parameter covariance Pþ

0 is not large enough. Therefore, a small nonzero Q k is used to improve filter convergence as it is
added to the parameter covariance and let the filter better explore the design space.

Modeling errors are inherent part of any numerical model, which should be accounted for to reduce the bias in the esti-
mation results. Here, we assume that the measurement noise term vkþ1 can account for the effects of modeling errors, and,
therefore, its covariance Rkþ1 should be regarded as a time variant variable even when sensor/cable noise is constant. Note
that modeling errors can be manifested in the measurement noise term and therefore result in a non-stationary, non-
Gaussian, and non-white random process. In this study, we simplify the problem and assume that the modeling errors will
result in a non-stationary zero-mean Gaussian measurement noise. This is still a limiting assumption and potentially far
from the reality, but a step forward with respect to the state-of-the-art. In this study, adaptive approaches are proposed
to estimate the effective values of matrix Rkþ1 to partially account for the effects of modeling errors. It will be shown later
in the paper that by incorporating this assumption, the performance of the Kalman filter will be improved in the presence of
modeling errors.

2.2. Covariance-matching technique

The key idea of the covariance-matching method [46] is to update the covariance of vkþ1 consistent with the theoretical
covariance. Some applications of covariance-matching method have demonstrated its effectiveness in electrical engineering
[50,51] and in civil engineering through a dual filter approach [49]. The concept of covariance matching technique and its
derivation are introduced in this section. Note that the following formulation is based on a general state space model,
and the parameter estimation formulation in Eq. (1) is just a special nonlinear case/application of it.

Consider the state space model of a linear dynamic system as:
xk ¼ Ak�1xk�1 þ Bk�1uk�1 þwk�1 wk�1 � Nð0;Q k�1Þ
yk ¼ Hkxk þ Dkuk þ vk vk � Nð0;RkÞ

�
ð2Þ
where xk is the state vector, Ak�1 is the state transition matrix, Bk�1 is the input matrix, uk�1 is the input vector, wk�1 is the
process noise vector, vk is the measurement noise vector, yk is the observation or measurement vector, Hk is the observation
matrix, and Dk is the feedthrough matrix. Two covariance-matching formulations are derived (refer to Appendix A and B for
derivation details) based on innovation and residual, respectively:
Rk ¼ E dkd
T
k

h i
�HkP

�
k H

T
k innovation - basedð Þ ð3Þ

Rk ¼ E ekeTk
� �þHkP

þ
k H

T
k residual - basedð Þ ð4Þ
in which dk ¼ yk � ðHkx̂
�
k þ DkukÞ is the difference between the measurement and its predicted prior response, and is

referred as ‘‘innovation”, and ek ¼ yk � ðHkx̂þ
k þ DkukÞ is the difference between measurement and the posterior response,

and is referred as ‘‘residual” in this study. E dkd
T
k

h i
denotes the covariance of innovation with E referring to mathematical

expectation. P�
k and Pþ

k are prior and posterior covariance matrices of response estimation, respectively. In standard KF

framework such as linear KF, EKF and UKF, the term HkP
þ
k H

T
k (or equivalent term in nonlinear KFs) is not calculated in the

standard procedure and requires additional calculations, e.g., for UKF, the term HkP
þ
k H

T
k can be approximated using response
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predictions of all sigma points similar to the calculation of HkP
�
k H

T
k [52,53]. For EKF and UKF, these additional computations

sometimes are computationally demanding and, therefore, a simplified version of residual-based covariance-matching func-
tion is proposed below by replacing the term HkP

þ
k H

T
k with HkP

�
k H

T
k:
Rk ¼ E ekeTk
� �þHkP

�
k H

T
k residual - basedð Þ ð5Þ
Since the estimation uncertainty Pþ
k is usually reduced gradually along the updating time steps (i.e., with increasing k),

the difference between Pþ
k and P�

k is often small and negligible. The accuracy and efficiency of this simplification have been
verified by the authors through a numerical study, and the computational effort is reduced up to 50% when the UKF is
applied for model updating.

Based on Eqs. (3) and (5), the measurement noise covariance Rk can be estimated at each updating step using either inno-

vation dk or residual ek. The only estimation uncertainty comes from evaluating the covariance of innovation E dkd
T
k

h i
and

residual E ekeTk
� �

. Two adaptive methods are proposed in this study using the residual-based formulation, namely the forget-
ting factor method and the moving window method as outlined in the following sections. Note that the forgetting factor and
moving window methods can also be applied using innovation-based formulation in a similar manner as shown in Table 1.
For the sake of brevity, only residual-based methods are implemented and investigated in the numerical applications of this
study. Some numerical studies have been performed by the authors to compare the performance of residual-based and
innovation-based formulations. From these studies, the residual-based formulation was found advantageous since (1) the
Rk estimation is guaranteed to be positive (a lower positive bound is needed for Rk estimation using innovation-based for-
mulation as it can be estimated as negative in certain cases), and (2) the full covariance matrix is obtained (only diagonal
entries are estimated using innovation-based methods), whose off-diagonal entries contain information about the noise cor-
relation and modeling errors correlation.

2.2.1. Forgetting factor method
Forgetting factor method is first proposed by Akhlaghi et al. for dynamic state estimation in electrical system [51]. The

basic idea of this method is to update Rk gradually according to current residual values by applying a forgetting factor a
to balance the weight between previous covariance Rk�1 and the current residual estimation term, i.e.,
Rk ¼ aRk�1 þ ð1� aÞ ekeTk þHkP
�
k H

T
k

� �
ð0 6 a 6 1Þ ð6Þ
In Eq. (6), if a = 1, the forgetting factor method would become the traditional non-adaptive filtering method, in which Rk

is not updated and treated as a constant. If a = 0, then Rk is fully determined by current residual term, which usually should
be avoided as this causes too much variation in the estimation of Rk. Generally larger values of awould assign larger weights
to previous Rk�1 and, therefore, estimated Rk will change slower and smoother.

2.2.2. Moving window method
The covariance of residual E ekeTk

� �
in Eq. (5) can be approximated within a moving window as proposed by Mehra [46] and

employed by Almagbile et al. [50]. In this way, the moving window method is formulated as
Rk ¼ 1
m

Xm�1

i¼0

ek�ieTk�i þHkP
�
k H

T
k ð7Þ
In Eq. (7), m refers to the size of the moving window. A larger window size would provide statistical smoothing so that
updated Rk changes smoother and slower. For model updating at the beginning of time history (i.e., when k < m), two strate-
gies can be employed: (1) keep Rk fixed as the initial R0 and start updating Rk once k reaches window sizem; (2) start updat-
ing Rk from a specific time step L (L 6 m) and for L 6 k 6 m, the sample mean term in Eq. (7) is estimated over available
residual values e1 � ek. In this study, the second strategy is adopted with L ¼ 5.

2.2.3. Dual adaptive UKF
A dual adaptive UKF is proposed by Astroza et al. [49] to update Rk and account for the effects of modeling errors for non-

linear FE model updating. The basic idea of this method is to build a slave linear KF to update Rk recursively embedded in a
master UKF for model updating. For the slave KF, the diagonal terms of Rk are treated as unknown parameters and the
innovation-based covariance-matching function Eq. (3) is used as measurement function. More details about this method
can be found in Table 1 and in [49].

2.3. Adaptive UKF for nonlinear model updating

A step-by-step flowchart for the proposed adaptive UKF approaches including the forgetting factor, moving window, and
dual adaptive methods is provided in Table 1. Innovation-based forgetting factor and moving window methods are also
included (although not implemented in the application studies of this paper) to provide a complete demonstration of
covariance-matching-based adaptive approaches. The framework for non-adaptive UKF can be obtained from Table 1 by



Table 1
Framework of adaptive UKF approaches.

Initialize:ĥþ0 ; Pþ
0

Loops for k = 0, 1, 2, 3. . .N-1

UKF Step 1: Prediction Step

(1.1) ĥ�kþ1 ¼ ĥþk ; P�
kþ1 ¼ Pþ

k þQ k

(1.2) Generate sigma points (SP): Hkþ1jk ¼ ĥ�kþ1 ĥ�kþ1 þ c
ffiffiffiffiffiffiffiffiffiffi
P�
kþ1

p
ĥ�kþ1 � c

ffiffiffiffiffiffiffiffiffiffi
P�
kþ1

ph i
(1.3) Evaluate predictions at SP: Ykþ1jk ¼ hkþ1 Hkþ1jk;u1:kþ1

� 	
(1.4) Mean of prediction: ŷ�kþ1 ¼ P2nhþ1

i¼1
WðiÞ

mY
ðiÞ
kþ1jk

Adaptive Option a: Innovation-based Covariance-matching Methods
(a.1) Evaluate innovation: dkþ1 ¼ ykþ1 � ŷ�

kþ1

(a.2) Based on covariance-matching equation Rkþ1 ¼ E dkþ1d
T
kþ1

h i
�Hkþ1P

�
kþ1H

T
kþ1, three adaptive methods can be applied:

Forgetting factor method: rkþ1 ¼ ark þ ð1� aÞdiag dkþ1d
T
kþ1 � lkþ1

� �

Moving window method: rkþ1 ¼ diag 1
m

Pm�1

i¼0
dkþ1�id

T
kþ1�i � lkþ1

 !

Dual adaptive UKF:
rkþ1 ¼ rk þxk xk � Nð0;TÞ
diag dkþ1d

T
kþ1

� �
¼ rkþ1 þ lkþ1 þ tkþ1 tkþ1 � Nð0;UÞ

(

where rkþ1 ¼ diag Rkþ1ð Þ and lkþ1 ¼ diag
P2nhþ1

i¼1
WðiÞ

c Y
ðiÞ
kþ1jk � ŷ�kþ1

h i
Y

ðiÞ
kþ1jk � ŷ�kþ1

h iT !

UKF Step 2: Correction Step

(2.1) Pykþ1ykþ1
¼ P2nhþ1

i¼1
WðiÞ

c Y
ðiÞ
kþ1jk � ŷ�kþ1

h i
Y

ðiÞ
kþ1jk � ŷ�kþ1

h iT
þ Rkþ1 (For innovation-based methods, estimated Rkþ1

from step (a.2) will be directly used here; for residual-based methods, Rkþ1 estimated from step (b.3) in previous loop k is used here)

(2.2) Phkþ1ykþ1
¼ P2nhþ1

i¼1
WðiÞ

c Hkþ1jk � ĥ�kþ1

h i
Y

ðiÞ
kþ1jk � ŷ�kþ1

h iT
(2.3) Kalman gain: Kkþ1 ¼ Phkþ1ykþ1

Pykþ1ykþ1

� 	�1

(2.4) Parameter update: ĥþkþ1 ¼ ĥ�kþ1 þ Kkþ1 ykþ1 � ŷ�kþ1

� �
(2.5) Parameter uncertainty update: Pþ

kþ1 ¼ P�
kþ1 � Kkþ1Pykþ1ykþ1

KT
kþ1

Adaptive Option b: Residual-based Covariance-matching Methods

(b.1) Evaluate updated prediction: ŷþkþ1 ¼ hkþ1 ĥþkþ1;u1:kþ1

� �
(b.2) Evaluate residual: ekþ1 ¼ ykþ1 � ŷþkþ1

(b.3) Update Rkþ1 which is used for next loop k + 2 in step (2.1):

Forgetting factor method: Rkþ1 ¼ aRk þ ð1� aÞ ekþ1eTkþ1 þ Lkþ1

� �
Moving window method: Rkþ1 ¼ 1

m

Pm�1

i¼0
ekþ1�ieTkþ1�i þ Lkþ1

where Lkþ1 ¼ P2nhþ1

i¼1
WðiÞ

c Y
ðiÞ
kþ1jk � ŷ�kþ1

h i
Y

ðiÞ
kþ1jk � ŷ�kþ1

h iT
End loop for k
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not implementing the adaptive sections. Note that only one of the two adaptive options is needed for adaptive UKF. As pre-
viously mentioned, the proposed innovation-based and residual-based methods can alternatively be combined with other
nonlinear KFs such as EKF and EnKF.

The residual-based adaptive methods have the following two advantages over the innovation-based methods: (1) full
matrix Rk can be estimated and the off-diagonal terms contain information about noise/modeling error correlation, while
for innovation-based approaches only diagonal terms of Rk are updated to simplify the problem and avoid ill-
conditioning, and (2) Rk is guaranteed to be positive definite since it is estimated to be the summation of two positive def-
inite terms, but the positive definiteness of Rk in innovation-based methods is not guaranteed and a small positive lower
bound has to be assigned to avoid computational errors. Furthermore, there is only one tuning parameter for the forgetting
factor method (forgetting factor a) and moving windowmethod (window sizem) compared to at least two tuning matrices T
and U for the dual adaptive method, in which T is the covariance matrix of process noise and U is the covariance matrix of
measurement noise for the slave linear KF. It is worth noting that T and U are symmetric covariance matrices of size ny � ny

(ny is the measurement size) and, therefore, can have up to nyðny þ 1Þ=2 independent variables each. In practice, both T and U
are assumed to be diagonal matrices with a single independent diagonal element each, namely r2

T for T and r2
U for U. How-

ever, since parameters a and m are scalars and their effects on the filter performance are better understood, the selection of
these parameters in forgetting factor and moving window methods is easier and more straightforward than the tuning pro-
cedure of slave KF for dual adaptive method.
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The estimated Rk from the adaptive approaches reflects the ‘‘effective noise covariance matrix” that also accounts for
modeling errors. Larger values for innovation or residual means larger discrepancy between measurement and model pre-
diction, which would increase Rk and, therefore, reduce the Kalman gain (step (2.3) in Table 1). Lower Kalman gain assigns
smaller weight on the measurements (step (2.4) in Table 1) in the KF correction step and, therefore, the correction in ĥþkþ1

becomes smaller and the reduction in Pþ
kþ1 (step (2.5) in Table 1) also becomes smaller. This means that the filter becomes

less sensitive to the discrepancies between the measurement and model prediction and assumes that the discrepancies stem
from potential modeling errors rather than model parameter uncertainties.

The parameters used in Table 1 are defined as follows [52,53]. At step (1.2), c ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
nh þ k

p
in which nh is the dimension of h

and k ¼ a2ðnh þ jÞ � nh is a scaling parameter, j is a secondary scaling parameter which is usually set to 0 or 3� nh, and a
determines the spread of sigma points (SP) and is usually set to a small positive value 1e� 4 � a � 1. At steps (1.4), (a.2),

(2.1), (2.2) and (b.3), the weights W ðiÞ
m and W ðiÞ

c are determined as
W ð1Þ
m ¼ k=ðnh þ kÞ; W ð1Þ

c ¼ k=ðnh þ kÞ þ ð1� a2 þ bÞ ð8Þ

W ðiÞ
m ¼ W ðiÞ

c ¼ 0:5=ðnh þ kÞ i ¼ 2; :::;2nh þ 1 ð9Þ

In this study, the parameter values are selected as: j ¼ 0, a ¼ 1, and b ¼ 2.

3. Application 1: cantilever steel pier

3.1. FE model and numerical simulation

In the first application study, the proposed adaptive KF approaches are applied to a nonlinear cantilever steel pier with a
concentrated mass at the top. The FE model of the cantilever pier is created in open-source FE analysis platform OpenSees
[54] as shown in Fig. 1(a). The pier column is modeled using displacement-based beam-column elements considering P-
Delta effect. The column is discretized into 17 elements where the 10 bottom elements are 250 mm long and the 7 top ele-
ments are 500 mm long. The steel box section of the column is modeled using fiber elements with the Giuffre-Menegotto-
Pinto (GMP) [55] constitutive model characterizing the uniaxial behavior of the steel fibers as shown in Fig. 1(b). The model
includes stiffness proportional Rayleigh damping with 2% damping at the first mode. Three parameters of the GMPmodel are
selected as updating parameters, namely the initial Young’s modulus E, yielding stress fy, and strain-hardening ratio b. The
nominal values of these parameters, referred to as the true values in this paper, are taken as: Etrue ¼ 200 GPa,
f truey ¼ 250 MPa, btrue ¼ 0:08. In the estimation process, the updating parameters are normalized by their true values, i.e.,

h ¼ E=Etrue f y=f
true
y b=btrue

h iT
.

The measurement data consists of the absolute acceleration response at the top of the pier subjected to the 1989 Loma
Prieta earthquake (0� component at Los Gatos station [56]) as shown in Fig. 2. The simulated acceleration response is then
polluted with additive white noise of 10% root-mean-square (RMS) noise-signal-ratio (NSR), i.e.,
RMSðnoiseÞ ¼ 0:1� RMSðytrueÞ in which ytrue refers to simulated acceleration response at the top of pier without noise. There-

fore, the true covariance of measurement noise Rtrue ¼ 0:01� RMSðytrueÞ2. Note that 10% RMS NSR noise level is significantly
higher than common expected measurement noise level in real-world applications, and the purpose of this numerical study
(a) (b)

Fig. 1. (a) FE model of cantilever steel pier; (b) Giuffre-Menegotto-Pinto material model.
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Fig. 2. 1989 Loma Prieta earthquake recorded in the 0� component at Los Gatos station.
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is to demonstrate the effectiveness of adaptive approaches to estimate R when the initial value is far from the true value
which is clearly known. Furthermore, 10% NSR noise can represent the effects of small modeling errors. It has been shown
that, if the top mass is 5% larger than the original value (100 t), the top acceleration discrepancy is 11% of the true response
when evaluated as RMS, i.e., RMSðytrue � yerrorÞ=RMSðytrueÞ ¼ 11% where yerror refers to the response of model with 5% larger
top mass than the true model. Therefore, the case study in Application 1 can also be seen as model updating with the exis-
tence of modeling errors.
3.2. Model updating results

The non-adaptive UKF and the three adaptive UKF approaches (forgetting factor, moving window and dual adaptive
methods) are applied to estimate the model parameter vector h of the cantilever steel pier. The initial parameter values

of ĥþ0 ¼ 0:7 0:7 1:5½ �T and the initial parameter covariance matrix Pþ
0 ¼ diag 0:2ĥþ0

� �2
are considered. The process noise

covariance is taken as Q ¼ diag 10�4ĥþ0
� �2

. Fig. 3 shows the estimated parameters from the non-adaptive approach. Two

cases of model updating are investigated when using the non-adaptive method, with R ¼ Rtrue and R ¼ Rtrue=100 (i.e., 1%
RMS NSR). It can be observed that accurate parameter estimations are obtained when Rtrue is used, while the estimated
parameters do not converge to the true values when R is underestimated, especially for strain-hardening ratio b which is
the least sensitive parameter to the measured data. It is worth noting that different assumptions for initial R could be used,
for example R ¼ Rtrue=N, with N = 2, or 10. However, N = 100 is selected to clearly show the performance of adaptive
approaches under an extreme condition. Note that for N = 2 or 10, model updating results of adaptive approaches will be
improved.

The three adaptive approaches are applied with initial R ¼ Rtrue=100 for fair comparison. The time histories of parameter
estimation and the estimation uncertainties (shown as standard deviations, which are obtained from the diagonal entries of
the covariance matrix P) using the forgetting factor method are shown in Fig. 4 with four factor values of a = 0.5, 0.7, 0.9 and
0.95. It can be seen that the forgetting factor method with all four different factor values improves the model updating
results remarkably, and the estimated parameters and their uncertainties are similar to the non-adaptive approach with
Rtrue, which can be regarded as the reference results. The estimated R from the forgetting factor method is plotted in
Fig. 5. It can be observed that the estimated R changes drastically starting from initial R and reach Rtrue quickly, and then
fluctuates around it. As expected, larger a values reduce the estimation uncertainty and provide smoother results. Overall,
R estimations are acceptable and better approximations are obtained when average of R over a window is used.

Moving window method is applied with four different window sizes of m = 5, 10, 20 and 40. Estimated parameters and
their standard deviations are shown in Fig. 6. Similar observations can be made to those of the forgetting factor method:
parameters are estimated accurately with standard deviations comparable with reference results. Larger window sizes pro-
vide statistical smoothing in the R estimation as shown in Fig. 7, similar to the effect of factor a. Model updating results using
dual adaptive method with four different settings (U = 1e�20, 1e�19, 1e�18 and 1e�17 where 1e�20 was used in the orig-
inal study of dual adaptive filer [49]) are shown in Fig. 8. Note that there are two tuning parameters for dual adaptive
method: T and U; however, as there is compensation effect between them, it is suggested to tune only one of them. In this
study, T is fixed as 1e�20 and the effect of U is studied. Overall, the estimated parameters and standard deviations are
improved, and the results are comparable with forgetting factor and moving window approaches. It is worth noting that
for U = 1e�20, small estimation errors are observed which is due to the large variability of R estimation as shown in
Fig. 9. The effect of U is similar to that of factor a and window size m, with larger U providing statistical smoothing in R esti-
mation as shown in Fig. 9.

The comparison between the non-adaptive and three adaptive methods is shown in Fig. 10. It can be seen that the three
adaptive methods (forgetting factor method with a = 0.9, moving window method with m = 20, and dual adaptive method
with U = 1e�18) provide similar parameter estimation and standard deviations which have been significantly improved
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Fig. 3. Parameter and standard deviation estimation histories using non-adaptive approach with Rtrue and Rtrue=100 used.
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Fig. 4. Parameter and standard deviation estimation histories using forgetting factor approach with a = 0.5, 0.7, 0.9, and 0.95.
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compared to non-adaptive method when the same initial R ¼ Rtrue=100 is used. The parameter uncertainty from non-
adaptive method with Rtrue=100 used is drastically smaller than that of the reference filter and adaptive methods, which
would provide un-conservative parameter confidence interval. The comparison of R estimation across different methods
is shown in Fig. 11. It is interesting to observe that three adaptive methods provide almost the same R estimation along
the time history, especially between forgetting factor and dual adaptive method which almost overlay each other. This shows
that three adaptive methods, although formulated differently based on different philosophy and covariance-matching func-
tions, provide similar performance on parameter and R estimation. Overall, this case study demonstrates the robustness of
adaptive methods for parameter estimation and the effectiveness of R estimation.
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4. Application 2: 3-story 3-bay steel frame

4.1. FE model and simulations

The second numerical application considers the effect of modeling errors on model updating of a 3-story 3-bay steel
moment resisting frame known as SAC-LA3 [57], which is shown in Fig. 12. The FE model of this structure is created in Open-
Sees [54]. The measurement data is simulated using the same 1989 Loma Prieta earthquake records used in previous exam-
ple (Fig. 2). Horizontal absolute acceleration responses are measured at three floors at locations denoted by black boxes in
Fig. 12. The simulated acceleration responses are then polluted with additive 1% RMS NSR Gaussian white noise, i.e.,
RMSðnoiseÞ ¼ 0:01� RMSðytrueÞ independently for each of the three channels. Therefore, the true covariance of measurement

noise Rnoise ¼ 10�4 � diag RMSðytrueÞð Þ2 in which ytrue consists of three channels ytrue1 , ytrue2 , and ytrue3 . Force-based beam-column
elements are used to model columns and beams with 6 and 7 integration points, respectively. The columns and beams con-
sist of different wide flange sections as shown in Fig. 12. Structural damping is assumed to be Rayleigh damping with 2%
damping coefficients for the first two modes. Finite element masses are assumed to be concentrated at nodes and each story
is subjected to the uniformly distributed gravity loads displayed in Fig. 12. The constitutive model of steel material is the
GMP model and the true (nominal values used in simulation) material properties for columns and beams are reported in
Table 2.
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4.2. Modeling errors

The effects of modeling errors are included in this application by considering realistic inaccuracies in model geometry,
mass properties, dead loads, damping properties, number of integration points (NIP) of beam-column elements, boundary
conditions (BCs), and constitutive model for steel material as summarized in Table 3. Geometry errors are defined by varying
the location of columns (H1, H2 and H3) and beams (V1, V2 and V3) relative to the bay-width (for Hi) or story-height (for Vi),
e.g., an error coefficient of 1.03 for H1 considers the new coordinate of column H1 equals to H1 + 0.03 � bay-width. Only ± 3%
error is considered for geometry in this study since structural geometry can usually be measured with high accuracy. For
errors in nodal masses, dead loads, and Rayleigh damping, the error coefficients denote the scale factor of their true values,
e.g., an error coefficient 0.8 for NM1 indicates that all nodal masses on floor 1 are reduced 20% evenly. Note that nodal masses
and dead loads on the same floor are modified evenly based on error coefficients. Parameters aM and bK refer to mass and
stiffness proportional damping factors of Rayleigh damping, respectively. NIP for force-based beam-column element is an
important parameter in nonlinear analysis and inappropriate NIP may introduce modeling errors in plastic hinge length.
For boundary conditions errors, a combination of pins and rotational springs are considered instead of the perfectly fixed
base, as shown in Fig. 13(a). The rotational springs have a stiffness of 3� 105 kN - m=rad. To account for modeling errors
due to material constitutive model, a bilinear model is assumed to replace the original GMP model as shown in Fig. 13(b).
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Table 2
True material properties for columns and beams used for response simulation.

E (GPa) fy (MPa) b

Columns 200 345 0.08
Beams 200 250 0.05

Fig. 12. 3-story 3-bay steel frame model.

Table 3
Modeling errors types and details.

Modeling error types Parameters Modeling Error details

Geometry H1, H2, H3, V1, V2, V3 ±3% of bay-width (for Hi) or story-height (for Vi)
Nodal mass NM1, NM2, NM3 Nodal masses at the indexed story are scaled
Dead load DL1, DL2, DL3 Dead loads at the indexed story are scaled
Rayleigh damping aM ; bK Mass and stiffness matrix factors are scaled
NIP for force-based beam-column

element
NIPc, NIPb Different NIPs are assigned for all column (NIPc) and beam elements

(NIPb)
BCs Fixed boundary or pin + rotational

spring
Pin BCs with rotational springs are used at column bases instead of
perfectly fixed

Constitutive model GMP model or bilinear model Bilinear steel model is used instead of GMP model

(a) (b)

Fig. 13. (a) Modeling errors in boundary conditions, and (b) material model (bilinear model instead of GMP).
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A total of 21 updating models are created with different combinations of modeling errors as detailed in Table 4. The first 3
models have only geometric errors. Models 4 and 5 only have modeling errors in damping properties. Models 6 to 14 include
combinations of errors in geometry, mass, dead load, damping, and NIP. Updating models 15 to 17 have pins and rotational
springs as the boundary conditions, and models 18 to 21 use bilinear constitutive model for steel. The acceleration response
Table 4
Summary of modeling errors in the 21 updating models. Reported parameters are scaled to the true (or nominal) values, i.e., 1.0 refer to no modeling error
except for NIP.

Model ID H1 H2 H3 V1 V2 V3 NM1 NM2 NM3 DL1 DL2 DL3 aM bK NIPc NIPb

1 1.03 0.97 1.03 1.03 0.97 1.03 1 1 1 1 1 1 1 1 6 7
2 0.97 1.03 0.97 0.97 1.03 0.97 1 1 1 1 1 1 1 1 6 7
3 0.97 1.03 1.03 0.97 1.03 1.03 1 1 1 1 1 1 1 1 6 7
4 1 1 1 1 1 1 1 1 1 1 1 1 2 2 6 7
5 1 1 1 1 1 1 1 1 1 1 1 1 0.5 0.5 6 7
6 1.03 0.97 1.03 1.03 0.97 1.03 1.1 0.9 0.9 1.1 1.1 1.1 1 1 6 7
7 1.03 0.97 1.03 1.03 0.97 1.03 1.1 1 1 1.1 1.1 1.1 1.5 1.5 6 7
8 0.97 1.03 0.97 0.97 1 1 1 0.9 1.1 1.3 1.3 1.3 2 2 3 4
9 0.97 1 1 1.03 1 1 1 1.3 1 1 1.3 1 1.5 1.5 6 7
10 0.97 1.03 0.97 0.97 1.03 0.97 1 1.3 1 1.3 1.3 1.3 1 1 6 7
11 1.03 0.97 1.03 1.03 0.97 1.03 1.3 0.7 1.3 1.3 0.7 1.3 2 2 3 4
12 1.03 0.97 1.03 1.03 0.97 1.03 0.7 1 1.3 0.7 1 1.3 2 2 10 4
13 1.03 0.97 1.03 1.03 0.97 1.03 1.3 1 0.7 1.3 1 0.7 2 2 6 7
14 1.03 0.97 1 1.03 0.97 1 1.2 1 1.2 1.2 1 1.2 1.5 1.5 3 4
15b 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6 7
16b 1.03 0.97 1.03 1.03 0.97 1.03 1 1.2 1 1 1.2 1 2 2 6 7
17b 1.03 0.97 1.03 1.03 0.97 1.03 1 1 1.2 1.2 1.2 1.2 1.5 1.5 10 4
18c 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6 7
19c 1 1 1 1 1 1 1.3 1 1 1.3 1.3 1.3 1.5 1.5 6 7
20c 1 1 1 1 1 1 1 1.3 1 1.3 1.3 1.3 2 2 3 4
21c 1.03 0.97 1.03 1.03 0.97 1.03 1 1 1 1 1 1 1.5 1.5 3 4

Note: subscript ‘b’ refers to modeling errors in BCs (pin BCs and rotational springs instead of perfectly fixed boundary); subscript ‘c’ refers to modeling
errors in constitutive model for steel material (bilinear model instead of GMP model).
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Fig. 14. Acceleration response comparison for different updating models and true model using true parameter values.
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comparisons between true model and updating Models 1–21 are shown in Fig. 14. It can be seen that the modeling errors
considered in the updating models have significant effects on the measured acceleration response which are much larger
than the added noise level of 1% NSR. These modeling errors have the largest effects on the response of the first floor while
have smaller effects on the third floor acceleration response.
4.3. Model updating results

Model updating is performed using the non-adaptive and three adaptive UKF methods for all 21 updating models with
different modeling errors. The updating parameters are selected as the material properties of columns and beams h = [E
(col) fy(col) b(col) E(beam) fy(beam) b(beam)]T which are normalized to their true values shown in Table 2. Initial values

are ĥþ0 ¼ 0:8 1:2 1:4 0:8 1:2 1:4½ �T with initial covariance matrix Pþ
0 ¼ diag 0:2ĥþ0

� �2
. The covariance of process noise

is Q ¼ diag 10�4ĥþ0
� �2

. The true covariance matrix of added white noise Rnoise is used for the non-adaptive UKF and as the

initial value of R for adaptive UKFs. Note that due to the effects of modeling errors, the effective noise covariance matrix

R is a time-variant variable and will be larger than Rnoise to account for modeling errors. In the application of adaptive meth-
ods, factor a = 0.9 is selected for forgetting factor method, window size of 20 is chosen for moving window method, and
U ¼ 10�18 � I3 for dual adaptive method where I3 denotes identity matrix of size 3 by 3. These choices are selected to provide
enough statistical smoothing of R estimation based on the previous observation in Application 1.

Model updating results using 21 updating models are shown in Fig. 15. It can be seen that non-adaptive and adaptive
methods provide similar results for Young’s modulus E(col) and E(beam) due to their high sensitivities to measurement. Sig-
nificant improvements are made by adaptive methods for fy and b for both columns and beams, especially for b(col) and b
(beam). Their estimation accuracies are improved, and estimation variabilities are reduced. This is due to the fact that fy and
b have lower sensitivity to the measurement, and therefore are most affected by the value of R. These effects are mitigated by
adopting adaptive UKFs through updating R recursively. The mean and standard deviation of parameter estimation errors

over 21 cases are reported in Table 5. Parameter estimation error is defined as error ¼ hupdatedi � htruei
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Fig. 15. Boxplot of model updating results using 21 updating models (circles refer to mean values and stars are outliers).

Table 5
Summary of parameter estimation errors.

Non-adaptive Forgetting factor Window Dual

E (col) 0.25/0.23 0.23/0.19 0.24/0.19 0.23/0.19
f y(col) 0.60/0.74 0.09/0.08 0.09/0.08 0.07/0.07
b (col) 0.91/0.77 0.24/0.21 0.28/0.36 0.29/0.31
E (beam) 0.16/0.16 0.15/0.17 0.17/0.17 0.15/0.17
f y(beam) 0.21/0.15 0.11/0.10 0.10/0.10 0.12/0.10
b (beam) 1.12/1.59 0.22/0.13 0.22/0.18 0.26/0.16
Mean 0.54 0.17 0.18 0.19
Std 0.86 0.16 0.21 0.19

Note: Cell value format is mean/standard deviation (std) over all cases; Last two rows represent mean and std over all cases and parameters.
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Fig. 16. Parameter estimation histories using non-adaptive and adaptive KFs for Model 14.
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Fig. 17. Parameter uncertainty estimation histories using non-adaptive and adaptive KFs for Model 14.
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htruei ¼ 1, since the updating parameters are normalized to their true values. Similar observations can be made from Table 5,
showing that significant error reductions have been achieved for fy(col), b(col), fy(beam) and b(beam) when using adaptive
methods. Overall, the estimation errors across all parameters and cases (last two rows in Table 5) show a significant reduc-
tion of 66% in the mean values and 80% in the standard deviations. Generally, the three adaptive methods provide very sim-
ilar estimation results, with forgetting factor method performing slightly better (smaller errors) in the present case study.
The detailed parameter estimation results are reported in Appendix C.

The comparisons of parameter estimation and parameter uncertainty histories between non-adaptive and adaptive UKFs
using Model 14 (Table 4) are shown in Fig. 16 and Fig. 17. It can be seen that parameters fy(col), b(col), fy(beam) and b(beam)
converge to inaccurate values using the non-adaptive method. This can be justified by the fact that fixed R assigns uniform
weight/trust on measurements along the response time history. Such uniform trust/weight should be avoided in the pres-
ence of substantial modeling errors and has been mitigated by using adaptive methods through updating R recursively.
Young’s modulus of columns E(col) is overestimated by both the non-adaptive and adaptive methods in order to compensate
the over-assigned mass property in Model 14. Parameter uncertainty using non-adaptive method is drastically underesti-
mated (Fig. 17) due to the use of fixed R. This uncertainty is not accurate and is unrealistic for uncertainty quantification
or response prediction. Larger and more realistic parameter uncertainty is obtained by adaptive methods.

The comparisons of acceleration response predictions are shown in Fig. 18 when using Model 14. The response predic-
tions are obtained from the corresponding updated model and the Loma Prieta earthquake input motion. It can be seen that
considerable discrepancies exist between predictions and measurement for non-adaptive method due to the poor estimated
parameter values. However, acceleration predictions using adaptive methods match the measurements well. To further
investigate the prediction capabilities of the updated model in presence of modeling errors, un-measured response predic-
tions including base shear (V) vs. roof drift ratio and section moment vs. curvature at sections 1–1 and 2–2 (M1�1 vs. j1�1,
M2�2 vs. j2�2), flange stress-strain response at sections 3–3 and 4–4 (r3�3 vs. e3�3 and r4�4 vs. e4�4), are shown in Fig. 19
(refer to Fig. 12 for the specified locations). It can be seen that local response predictions are substantially improved by adap-
tive methods. The predictions from adaptive methods for base shear vs. roof drift ratio, M2�2 vs. j2�2, and r4�4 vs. e4�4 agree
with their true counterparts. These local responses are important quantities for structural health assessment and their pre-
diction accuracy is critical for damage identification. Statistics of the relative root-mean-square errors (RRMSE) of response
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Fig. 18. Comparison of predicted acceleration response using non-adaptive and adaptive KFs for Model 14.
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Fig. 19. Comparison of un-measured response predictions using non-adaptive and adaptive KFs for Model 14.
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Fig. 20. RRMSE of response predictions using non-adaptive and adaptive KFs over 21 updating models.
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predictions for all 21 updating models are shown in Fig. 20 as box plots and reported in Table 6. The RRMSE for a response
signal a is defined as:
RRMSEðaÞ ¼ RMSða� atrueÞ
RMSðatrueÞ � 100% ð10Þ



Table 6
RRMSE (%) of measured and un-measured response predictions.

Non-adaptive Forgetting factor Window Dual

y1 44/17 30/12 30/12 30/12
y2 24/12 16/9 16/9 15/8
y3 18/11 11/9 11/8 10/8
V 30/24 20/16 20/14 18/14
Drift 32/19 16/11 16/12 15/11
M1�1 33/28 20/14 20/13 18/13
j1�1 67/46 32/19 35/29 32/19
M2�2 31/25 22/16 21/14 20/14
j2�2 56/65 24/19 26/24 22/19
r3�3 36/28 22/16 21/14 19/14
�3�3 70/55 30/18 33/32 30/18
r4�4 30/21 20/14 19/13 19/13
�4�4 66/82 29/21 31/31 26/16
Mean 41 23 23 21
Std 33 15 17 14

Note: Cell value format is mean/standard deviation (std) over all cases; Last two rows represent mean and std over all cases and parameters.
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Fig. 21. Comparison of estimated noise covariance with nominal values for Model 14.
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It can be observed that adaptive methods significantly reduce the RRMSE for all of the response predictions by an average of
almost 50%.

The modeling errors considered in this study add significant bias to structural response as observed in Fig. 14. Fig. 21 pro-
vides a comparison between estimated noise covariance and the nominal values at three measurement channels for Model

14. The nominal covariance is defined as Rnominal
k ¼ diag ytrueðkÞ � yerrorðkÞ½ � ytrueðkÞ � yerrorðkÞ½ �T

� �
þ Rnoise

k , where ytrue and yerror

represent the acceleration response of the true model and updating model (with modeling errors) using the true parameter

values, and Rnoise
k is the covariance of polluted noise of 1% NSR. From Fig. 21, it can be seen that the nominal covariance fluc-

tuates drastically while the estimated values change smoothly following the trend of nominal covariance. The estimated
covariance values can be significantly smaller than the nominal values at certain time steps. It is worth noting that there
is no true noise covariance available in this case and the nominal value as defined above, compensates the effects of response
bias caused by modeling errors. However, the parameter estimation results have been improved significantly by updating
the noise covariance adaptively to account for the effects of modeling errors.
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5. Summary and conclusions

Two adaptive KF methods, namely the forgetting factor method and the moving window method, which were previously
used in electrical engineering applications, are employed in this study for model updating of nonlinear dynamic systems
where the covariance of measurement noise is estimated recursively. The adaptive methods are formulated using
covariance-matching technique based on either innovation or residual. In this study the residual-based approaches are
implemented to two numerical applications and compared with non-adaptive UKF and an existing dual adaptive UKF
method. The proposed adaptive algorithm can be integrated with any nonlinear KF for state estimation, parameter estima-
tion or joint state-parameter estimation, e.g., EKF, UKF and EnKF. Performance of the non-adaptive and adaptive KFs are first
evaluated for model updating of a cantilever steel pier with no consideration of modeling errors. It is found that the non-
adaptive UKF provides poor estimation for selected updating parameters when the noise covariance is unknown and a wrong
R is used. In contrast, accurate results are achieved by all three adaptive filters (forgetting factor, moving window and dual
adaptive). The performance of the proposed adaptive filters is further investigated when applied to 3-story 3-bay steel
moment resisting frame with substantial modeling errors. A total of 21 updating models are created with modeling errors
in geometry, mass properties, dead loads, damping properties, NIP for force-based beam-column element, BCs and constitu-
tive model for steel material. Based on the numerical applications, the following observations are made.

(1) Although formulated differently using different covariance-matching techniques, the three adaptive methods (forget-
ting factor, moving window and dual adaptive) generally provide similar performance.

(2) In the considered case studies, the results did not show sensitivity to the values of a and m, parameters of the forget-
ting factor and moving windows methods, respectively. In general, values of a in the range of 0.7 to 0.9, and value of m
in the range of 10 to 30 are recommended for structural systems with similar dynamic properties as the ones consid-
ered here.

(3) Larger values in factor a (forgetting factor method), window size m (moving window method) and parameter U (dual
adaptive method) would provide more statistical smoothing in R estimation.

(4) Residual-based adaptive methods (forgetting factor and moving window) are capable of estimating the full matrix of R
(with off-diagonal entries containing information about noise/modeling errors correlation) and ensuring its positive
definiteness. On the contrary, only diagonal terms of R can be estimated and a lower bound has to be assigned to
assure its positive definiteness using innovation-based dual adaptive filter.

(5) Compared to non-adaptive KF, the proposed adaptive methods generally improve the accuracy of parameter estima-
tion and uncertainty quantification when wrong R is used (Application 1) or at the existence of substantial modeling
errors (Application 2). In addition, the adaptive filters can estimate the true R with acceptable accuracy.
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Appendix A: Derivation of innovation-based covariance matching function

The derivation of innovation-based covariance-matching function is provided in this section. The state space model for a
linear KF is shown below:
xk ¼ Ak�1xk�1 þ Bk�1uk�1 þwk�1

yk ¼ Hkxk þ Dkuk þ vk

�
ðA1Þ
Two types of estimation errors (prior error e�
k and posterior error eþ

k ) are defined below:
e�
k ¼ xk � x̂�

k ðA2Þ

eþ
k ¼ xk � x̂þ

k ðA3Þ

The innovation can be derived as
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dk ¼ yk � ðHkx̂
�
k þ DkukÞ ¼ Hkxk þ Dkuk þ vk � ðHkx̂

�
k þ DkukÞ ¼ Hkðxk � x̂�

k Þ þ vk ¼ Hke�
k þ vk ðA4Þ
The covariance of innovation is derived as
E dkd
T
k

h i
¼ E Hke�

k þ vk
� 	

Hke�
k þ vk

� 	Th i
¼ E Hke�

k e
�T
k HT

k þHke�
k v

T
k þ vke�T

k HT
k þ vkvT

k

h i
¼ HkE e�

k e
�T
k

� �
HT

k þ E vkvT
k

� �
¼ HkP

�
k H

T
k þ Rk

ðA5Þ
This is based on the fact that e�
k and vk are uncorrelated, i.e., E e�

k v
T
k

� � ¼ E vke�T
k

� � ¼ 0. Therefore, the innovation-based
covariance-matching function is obtained:
Rk ¼ E dkd
T
k

h i
�HkP

�
k H

T
k ðA6Þ
Appendix B: Derivation of residual-based covariance matching function

The derivation of residual-based covariance-matching function is provided in this section. The residual can be expressed
in terms of the posterior error eþ

k as
ek ¼ yk � ðHkx̂þ
k þ DkukÞ ¼ Hkxk þ Dkuk þ vk � ðHkx̂þk þ DkukÞ ¼ Hkðxk � x̂þk Þ þ vk ¼ Hkeþ

k þ vk ðB1Þ

The covariance of residual can be formulated below:
E ekeTk
� � ¼ E Hkeþ

k þ vk
� 	

Hkeþ
k þ vk

� 	Th i
¼ E Hkeþ

k e
þT
k HT

k þHkeþ
k v

T
k þ vkeþT

k HT
k þ vkvT

k

h i
¼ HkP

þ
k H

T
k þ E Hkeþ

k v
T
k

� �þ E vkeþT
k HT

k

h i
þ Rk

ðB2Þ
The term E Hkeþ
k v

T
k

� �
in Eq. (B2) can be expanded as
E Hkeþ
k v

T
k

� � ¼ HkE xk � x̂þk
� 	

vT
k

� �
¼ HkE xkvT

k � x̂þk v
T
k

� �
¼ �HkE x̂þk v

T
k

� �
¼ �HkE x̂�k þ Kk yk �Hkx̂�k � Dkuk

� 	� 	
vT

k

� �
¼ �HkE x̂�k þ Kk Hke�

k þ vk
� 	� 	

vT
k

� �
¼ �HkE x̂�k v

T
k þ KkHke�

k v
T
k þ KkvkvT

k

� �
¼ �HkKkRk

ðB3Þ
in which the following facts are applied:xk, prior estimate x̂�k , and prior error e�
k are all uncorrelated with vk.

The term E vkeþT
k HT

k

h i
in Eq. (B2) is derived below by using result from Eq. (B3):
E vkeþT
k HT

k

h i
¼ E Hkeþ

k v
T
k

� 	Th i
¼ E Hkeþ

k v
T
k

� �T ¼ �HkKkRkð ÞT ¼ �RkK
T
kH

T
k ðB4Þ
Therefore, the covariance of residual is formulated below by substituting results from Eq. (B3) and Eq. (B4):
E ekeTk
� � ¼ HkP

þ
k H

T
k �HkKkRk � RkK

T
kH

T
k þ Rk ðB5Þ
It can be proved that HkP
þ
k H

T
k and HkKkRk are equal as shown below:
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HkP
þ
k H

T
k �HkKkRk ¼ Hk I� KkHkð ÞP�

k H
T
k �HkKkRk

¼ HkP
�
k H

T
k �HkKkHkP

�
k H

T
k �HkKkRk

¼ HkP
�
k H

T
k �HkKk HkP

�
k H

T
k þ Rk

� �

¼ HkP
�
k H

T
k �HkP

�
k H

T
k HkP

�
k H

T
k þ Rk

� ��1
HkP

�
k H

T
k þ Rk

� �
¼ HkP

�
k H

T
k �HkP

�
k H

T
k

¼ 0

ðB6Þ
in which Pþ
k ¼ I� KkHkð ÞP�

k and Kalman gain Kk ¼ P�
k H

T
k HkP

�
k H

T
k þ Rk

� ��1
have been substituted. Therefore, it is easy to show

that RkK
T
kH

T
k is also equal to HkP

þ
k H

T
k:
RkK
T
kH

T
k ¼ HkKkRkð ÞT ¼ HkP

þ
k H

T
k

� �T
¼ HkP

þ
k H

T
k ðB7Þ
Finally, the residual-based covariance-matching function is obtained from Eq. (B5) by applying the results of Eq. (B6) and
Eq. (B7):
E ekeTk
� � ¼ Rk �HkP

þ
k H

T
k ðB8Þ
Appendix C: Summary of model updating results
Case
 E (col)
 f y (col)
 b (col)
 E (beam)
 f y (beam)
 b (beam)
1
 Non-adaptive
 1.21
 2.97
 1.28
 0.94
 0.95
 1.22

Forgetting factor
 1.22
 1.00
 0.92
 0.95
 0.92
 1.37

Window
 1.24
 1.01
 0.86
 0.92
 0.96
 1.23

Dual
 1.22
 0.99
 0.95
 0.93
 0.92
 1.33
2 Non-adaptive 0.93 0.82 0.31 1.04 0.92 0.73

Forgetting factor
 0.83
 0.96
 1.40
 1.00
 1.00
 0.95

Window
 0.83
 0.94
 1.54
 1.01
 0.99
 0.97

Dual
 0.84
 1.02
 0.77
 1.04
 1.05
 0.85
3
 Non-adaptive
 0.98
 0.90
 0.41
 1.06
 1.03
 0.80

Forgetting factor
 0.92
 0.99
 0.88
 1.11
 1.03
 0.98

Window
 0.92
 0.98
 0.88
 1.11
 1.03
 0.99

Dual
 0.95
 0.99
 0.88
 1.07
 1.03
 0.95
4 Non-adaptive 1.01 2.99 1.42 0.94 1.10 1.32

Forgetting factor
 1.01
 0.93
 1.09
 0.94
 0.93
 1.48

Window
 1.01
 0.92
 1.02
 0.93
 0.94
 1.46

Dual
 1.01
 0.96
 1.00
 0.94
 0.97
 1.39
5
 Non-adaptive
 1.00
 0.89
 0.83
 1.05
 0.95
 0.78

Forgetting factor
 1.00
 1.03
 0.93
 1.03
 1.00
 0.83

Window
 1.00
 1.03
 0.92
 1.03
 0.99
 0.81

Dual
 0.99
 1.02
 1.00
 1.04
 1.01
 0.85
6 Non-adaptive 1.27 0.87 2.09 0.76 0.88 1.16

Forgetting factor
 1.25
 0.99
 0.93
 0.85
 0.82
 1.26

Window
 1.31
 1.01
 0.88
 0.76
 0.86
 1.10

Dual
 1.32
 1.02
 0.89
 0.75
 0.87
 0.95
7
 Non-adaptive
 1.33
 3.00
 1.14
 0.84
 1.09
 0.93

Forgetting factor
 1.39
 1.06
 0.89
 0.81
 0.95
 1.29

Window
 1.39
 1.04
 0.88
 0.80
 0.95
 1.37

Dual
 1.36
 1.05
 0.99
 0.83
 0.95
 1.25
8 Non-adaptive 0.91 1.04 1.32 1.04 1.31 0.75

Forgetting factor
 0.93
 1.00
 0.97
 1.03
 1.12
 1.15
(continued on next page)
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Appendix C (continued)
Case
 E (col)
 f y (col)
 b (col)
 E (beam)
 f y (beam)
 b (beam)
Window
 0.92
 1.01
 1.07
 1.04
 1.11
 1.21

Dual
 0.90
 1.01
 1.07
 1.07
 1.13
 1.21
9
 Non-adaptive
 1.20
 1.16
 1.56
 0.95
 1.14
 0.51

Forgetting factor
 1.15
 1.09
 1.32
 1.01
 1.06
 1.11

Window
 1.15
 1.08
 1.34
 1.01
 1.07
 1.10

Dual
 1.16
 1.09
 1.45
 1.00
 1.03
 1.13
10
 Non-adaptive
 1.08
 0.75
 2.23
 0.97
 0.84
 0.01

Forgetting factor
 1.09
 1.05
 1.71
 0.82
 1.06
 0.56

Window
 1.09
 1.08
 1.12
 0.82
 1.08
 0.39

Dual
 0.97
 1.07
 1.34
 1.02
 1.11
 0.71
11
 Non-adaptive
 1.52
 0.57
 3.13
 0.92
 1.46
 0.63

Forgetting factor
 1.26
 1.17
 1.11
 1.03
 1.27
 1.18

Window
 1.32
 1.17
 0.94
 0.83
 1.09
 0.62

Dual
 1.27
 1.15
 1.13
 1.05
 1.26
 1.33
12
 Non-adaptive
 0.82
 0.83
 3.89
 1.62
 1.24
 1.82

Forgetting factor
 0.80
 0.94
 0.54
 1.68
 1.31
 1.20

Window
 0.81
 0.98
 0.26
 1.65
 1.35
 1.24

Dual
 0.80
 0.97
 0.54
 1.67
 1.33
 1.23
13
 Non-adaptive
 1.59
 2.35
 0.01
 0.50
 0.85
 0.28

Forgetting factor
 1.67
 1.10
 1.17
 0.50
 0.69
 0.74

Window
 1.67
 1.16
 0.78
 0.49
 0.70
 0.70

Dual
 1.65
 1.09
 0.97
 0.50
 0.74
 0.65
14 Non-adaptive 1.37 3.00 0.01 0.94 0.59 5.63

Forgetting factor
 1.33
 1.26
 1.12
 1.00
 1.19
 1.15

Window
 1.34
 1.27
 1.03
 0.98
 1.21
 1.11

Dual
 1.30
 1.23
 1.33
 1.02
 1.15
 1.24
15
 Non-adaptive
 1.18
 0.68
 1.35
 1.25
 0.90
 1.50

Forgetting factor
 1.15
 0.77
 1.12
 1.21
 0.93
 1.21

Window
 1.13
 0.79
 0.97
 1.24
 1.00
 1.11

Dual
 1.15
 0.79
 1.15
 1.22
 1.01
 0.98
16 Non-adaptive 1.75 0.85 1.34 1.05 0.80 5.83

Forgetting factor
 1.61
 0.75
 0.80
 1.13
 1.05
 1.38

Window
 1.62
 0.75
 0.70
 1.13
 1.08
 1.31

Dual
 1.63
 0.84
 0.43
 1.12
 1.14
 1.34
17
 Non-adaptive
 1.78
 0.48
 1.89
 1.19
 0.85
 5.76

Forgetting factor
 1.47
 0.85
 0.44
 1.35
 1.31
 1.05

Window
 1.45
 0.83
 0.62
 1.38
 1.31
 1.09

Dual
 1.45
 0.88
 0.48
 1.36
 1.33
 1.03
18 Non-adaptive 1.04 0.71 1.12 0.80 0.58 1.03

Forgetting factor
 0.99
 0.95
 1.08
 0.99
 0.96
 1.36

Window
 0.98
 0.92
 1.11
 0.99
 0.99
 1.08

Dual
 1.00
 0.95
 1.20
 0.99
 0.96
 1.37
19
 Non-adaptive
 1.30
 1.23
 0.25
 0.69
 0.60
 0.39

Forgetting factor
 1.31
 1.02
 1.12
 0.84
 0.93
 1.10

Window
 1.33
 0.99
 1.09
 0.82
 0.94
 0.99

Dual
 1.32
 1.02
 1.16
 0.83
 0.89
 1.46
20 Non-adaptive 1.11 1.08 2.87 0.84 0.70 1.72

Forgetting factor
 1.10
 1.08
 1.68
 0.96
 1.09
 1.25

Window
 1.08
 1.02
 2.61
 0.95
 0.93
 1.58

Dual
 1.15
 1.09
 1.98
 0.91
 1.04
 1.44
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Appendix C (continued)
Case
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21
 Non-adaptive
 1.15
 0.86
 3.24
 0.78
 0.56
 3.25

Forgetting factor
 1.31
 1.05
 1.43
 0.83
 1.02
 0.81

Window
 1.32
 1.02
 1.58
 0.80
 0.95
 1.16

Dual
 1.24
 1.00
 2.09
 0.87
 0.80
 1.64
Appendix D: Effects of different categories of modeling errors on the structural response

See Fig. D.1.
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