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Class of compound dissipative solitons as a result of collisions in one and two spatial dimensions
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We study the interaction of quasi-one-dimensional (quasi-1D) dissipative solitons (DSs). Starting with quasi-1D
solutions of the cubic-quintic complex Ginzburg-Landau (CGL) equation in their temporally asymptotic state
as the initial condition, we find, as a function of the approach velocity and the real part of the cubic interaction
of the two counterpropagating envelopes: interpenetration, one compound state made of both envelopes or two
compound states. For the latter class both envelopes show DSs superposed at two different locations. The stability
of this class of compound states is traced back to the quasilinear growth rate associated with the coupled system.
We show that this mechanism also works for 1D coupled cubic-quintic CGL equations. For quasi-1D states
that are not in their asymptotic state before the collision, a breakup along the crest can be observed, leading to
nonunique results after the collision of quasi-1D states.
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The study presented here is part of the field of stable local-
ized solutions in driven and damped nonequilibrium systems.
Frequently these localized solutions are called dissipative
solitons (DSs) [1] to emphasize that dissipation and driving are
essential for their stable existence. They have been analyzed
theoretically [2–31] and experimentally [32–43] for a variety
of systems. It emerges, however, that the number of studies
dedicated to the interaction of counterpropagating DSs is much
smaller [3–5,9–12,15,21–23,26,30,34,35,38,43].

One class of dissipative solitons is quasi-one-dimensional
(quasi-1D) solutions, which are localized in one spatial
dimension, but spatially extended in the other. Their stable
existence over a range of parameters has been found first for
the envelope equation applicable to a laser with a saturable
absorber in the field of nonlinear optics [6]. Subsequently
this type of behavior has been shown to arise as well for
other physical systems [12,18,19,24,30]. Recently we have
analyzed quasi-1D solutions for the cubic-quintic complex
Ginzburg-Landau (CGL) equation [30]. We have shown that, in
addition to stationary quasi-1D solutions, there are oscillatory
quasi-1D DSs that are reached via a forward Hopf bifurcation.
Furthermore, we demonstrated that there are stable compound
states made up of a combination of a quasi-1D solution
and a DS localized in two dimensions (2D), namely, with a
radially symmetric 2D stationary DS and with an azimuthally
symmetric exploding DS. We have pointed out [30] that the
experiments performed by Miranda and Burguete [44,45]
on an array of convective oscillators show several common
features with the results obtained from a cubic-quintic CGL
equation.

Stimulated by recent experiments in a bioinspired sys-
tem on the interaction of localized wall-like objects [46],
we investigate here the interaction of counterpropagating
quasi-1D DSs for coupled cubic-quintic CGL equations for
envelopes A and B. In addition to interpenetration of the
type also observed in Ref. [46] with the size and shape of
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the quasi-1D states unchanged after interpenetration, we find
two types of compound states. One of these compound states
consists of two quasi-1D localized objects containing |A| and
|B| simultaneously. We show that this class of compound
dissipative solitons also stably exists for two coupled cubic-
quintic CGL equations in 1D and we present a simple argument
for their stable existence.

We investigate two coupled complex subcritical cubic-
quintic Ginzburg-Landau equations for counterpropagating
waves,

∂tA − v∂xA = μA + (βr + iβi)|A|2A + (γr + iγi)|A|4A
+ (cr + ici)|B|2A + (Dr + iDi)�2A, (1)

∂tB + v∂xB = μB + (βr + iβi)|B|2B + (γr + iγi)|B|4B
+ (cr + ici)|A|2B + (Dr + iDi)�2B, (2)

where A(x,y,t) and B(x,y,t) are complex fields and where
we have discarded quintic cross-coupling terms for simplicity.
A and B are slowly varying envelopes. �2 = (∂2

x + ∂2
y ) is the

2D Laplacian. The fast spatial and temporal variations have
already been split off when writing down the coupled envelope
equations. To compare with measurable quantities such as, for
example, temperature variations in fluid dynamics, these rapid
variations must be taken into account [47–49].

We have carried out our numerical studies for the following
values of the parameters, which we kept fixed for the
present purposes: μ = −0.9, βr = 1, βi = 0.8, γr = −0.1,
γi = −0.6, Dr = 0.125, Di = 0.5, and ci = 0. Our parameters
satisfy Di > 0, which means we are in the anomalous linear
dispersion regime. But compound states also exist for Di < 0.
βr must be positive and γr negative in order to guarantee the
existence of two homogeneous attractors (subcritical bifurca-
tion). Stable pulses exist when the cubic-quintic Ginzburg-
Landau equation becomes nonvariational. Thus, one of the
parameters (βi,γi,Di) must be different from zero. We have
plotted in Fig. 1 the phase diagram using the approach velocity
v of the quasi-1D states in the x direction and the strength
of the cubic cross coupling of counterpropagating waves cr
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FIG. 1. (Color online) Phase diagram in the plane approach
velocity v vs strength of cubic cross coupling of counterpropagating
waves cr for destabilizing (positive) values of cr . Red solid circles (•)
mark the interpenetration of two quasi-1D states. Blue solid triangles
(�) depict a compound state of two quasi-1D states as the result of the
collision, and for the region marked with open circles (◦) we obtain
two compound states, both involving both envelopes.

as the axes. Here we focus on destabilizing (positive) values
of cr .

For the simulation of Eqs. (1) and (2), as a numerical
method, we use explicit fourth-order Runge-Kutta finite differ-
encing with a rectangular grid of 700 points in x and 350 points
in y along a grid spacing of dx = dy = 0.1 (corresponding to
a rectangular box size 70 × 35) and a time step dt = 0.005.
The stability of the solutions has been tested by introducing
a small amount of noise and waiting long enough to avoid
transients. The initial conditions were carefully prepared so
that the counterpropagating waves A and B were already in
the asymptotic regime [see Fig. 2(a)].

In Fig. 1 we present an overview of the types of behavior
as a function of the approach velocity v and the destabilizing
cross coupling cr . The range covered in the plot is 0 < v < 0.7
and 0 < cr < 0.6. Without noise three characteristic types of
behavior emerge as the results of collisions of two quasi-1D
states. For v sufficiently large and cr sufficiently small,
interpenetration is obtained with the final quasi-1D states
unchanged in size and shape from the initial state. For v

sufficiently small and cr sufficiently large, we obtain two
compound states (see the discussion below and Fig. 2). In
the range between these two limiting cases the result of
collisions of two quasi-1D states is one compound state (see
the discussion below and Fig. 3).

In Fig. 2 we have plotted the initial and the final result
starting with two approaching quasi-1D states leading, as a
result of the collision, to two compound states: as soon as the
interaction starts |A| is growing at the location of |B| and vice
versa. The dynamics will be further elucidated below when we
discuss the one-dimensional case in Fig. 4. Its mechanism is
rather straightforward. When inspecting the quasilinear growth
rate

Ȧ = σA with σ = (μ + cr |B|2), (3)

one sees that for destabilizing cr sufficiently large a positive
growth rate can effectively result for the region where |B|
acquires nonvanishing values and vice versa for |A| and

FIG. 2. (Color online) (a) shows the two quasi-1D states in the
asymptotic regime before they interact. (b) and (c) show the final
bound state consisting of two compound states of |A| and |B|. For
clarity, we have plotted |A| and |B| separately, underlining that both
amplitudes assume the same shape at both locations of the DSs. This
bound object we denote as two compound states. The results show
are for v = 0.4 and cr = 0.5.

|B| interchanged. Provided that the other parameters in the
equation do not lead to a filling in of the whole system (this
case has been discussed before in 1D [4] and for circularly
symmetric stationary DSs in 2D [5]) we obtain as final states
two quasi-1D states containing |A| as well as |B| with equal
amplitudes.

In the intermediate parameter range for approach velocity
and destabilizing cross coupling—for example, for a suf-
ficiently small approach velocity—we obtain the situation
depicted for the final result in Fig. 3. This situation is the analog
of the corresponding situation in 1D [4] and for circularly
symmetric states in 2D [5]. We note that for this one compound
state situation the peaks for |A| and |B| are typically not at
the same location, but slightly shifted with respect to each
other.
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FIG. 3. (Color online) Starting with two quasi-1D states as the
initial conditions of the same type as in Fig. 2(a), we show the final
state obtained for v = 0.5 and cr = 0.4. In (a) we have plotted |A|
and in (b) we have plotted |B|, demonstrating a compound state with
|A| and |B| having the same shape at almost the same location: one
compound state.

To analyze the time evolution to reach two compound
states in more detail we have complemented our investigations
in 2D on the interaction of quasi-1D states of two coupled
cubic-quintic CGL equations by studying the interaction of
fixed shape DSs in one spatial dimension. It turns out that the
corresponding phase diagram for v and cr nearly superposes
on that given in Fig. 1 for quasi-1D collisions. In Fig. 4 we
show x-t plots and three snapshots for the time evolution of the
interaction for the same parameter values as for Fig. 2, v = 0.4
and cr = 0.5. From the inspection of the x-t plots for |A| and
|B| shown in Figs. 4(a) and 4(b), as well as from the three
snapshots given in Figs. 4(c)–4(e), we can infer immediately
that the growth of |A| at the location of the DS in |B| (and
vice versa) takes place during a fairly short time interval.
The fact that the time evolution for 1D DSs and for quasi-1D
DSs is parallel also supports the simple mechanism suggested
above via the quasilinear growth rate outlined above as the key
ingredient for the generation of this class of stable compound
DSs.

In this connection we point out that in the cases studied so
far mainly two time scales come into play for the interaction
of the quasi-1D and the 1D DSs: the time scale associated with
the approach velocity v and the time scale set by the pattern
growth via the quasilinear growth rate.

To find out how important it is to start the investigation
of the collision process with the asymptotic shape in the
time of the quasi-1D solutions, we have also done some
runs for which the asymptotic regime had not been reached
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FIG. 4. (Color online) A two compound state resulting from two
coupled 1D cubic-quintic CGL equations for v = 0.4 and cr = 0.5.
(a) shows the time evolution of |A| as an x-t plot while (b) shows
|B| as a function of time. The box size is L = 70 and the duration
of the x-t plot is T = 35. In (c)–(e) we show three snapshots
demonstrating the growth of |A| at the location of the |B| DS as soon
as the two stationary DSs interact. (c) T = 22.5, (d) T = 24.7, and
(e) T = 28.1.
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FIG. 5. (Color online) Snapshots of max(A,B) showing that the
result of the collision of two quasi-1D states is not unique when
the quasi-1D states initially have not reached their asymptotic shape.
(a) Initial condition not in the asymptotic regime. (b)–(d) show three
possible outcomes for the same parameters, cr = 0.5 and v = 0.4: (b)
a compound object of a quasi-1D state and one oscillating azimuthally
symmetric 2D DS, (c) a compound object of a quasi-1D state and two
oscillating (not in phase) azimuthally symmetric 2D DSs, and (d)
three oscillating (not in phase) azimuthally symmetric compound 2D
DSs.

completely [see Fig. 5(a)]. Some of the results of such runs
for sufficiently small values of v and sufficiently large values
of cr are shown in Figs. 5(b)–5(d). Depending on minute
differences between the not fully relaxed initial conditions,
one obtains various types of outcomes: nonunique behavior.
This nonuniqueness can be traced back to an instability along
the crest of the quasi-1D states. This instability is associated
with a third time scale competing with the other two just

mentioned. Correspondingly, as a result of collisions for the
same parameter values, one can get a number of outcomes
including a compound state of a quasi-1D state interacting
with one [Fig. 5(b)] or two [Fig. 5(c)] oscillating (not in
phase) azimuthally symmetric 2D solutions, as well as three
oscillating (not in phase) azimuthally symmetric compound
2D solutions [Fig. 5(d)].

In conclusion, we have demonstrated that collisions of
quasi-1D solutions can lead to different results depending
on the approach velocity, the value of the cubic cross
coupling between counterpropagating envelopes, and the types
of initial conditions. In particular, we have found a class
of stable dissipative solitons: two compound states made
up of both envelopes with equal weight. The stability of
this class of solutions has been traced back to the ef-
fective quasilinear growth rate between counterpropagating
envelopes. We have shown that this type of behavior arises
over a large parameter range not only for the collisions of
quasi-1D solutions in 2D, but also for fixed shape DSs in
1D for an almost identical part of parameter space, thus
underlining the close connection between these two types of
solutions.

Our present study opens the door to several areas of
investigation. First of all, it will be important to see which
features found for coupled cubic-quintic CGL equations can
be found for other prototype equations such as order parameter
equations or for equations of a reaction-diffusion type. For
order parameter equations nonlinear optics emerges as a
natural field while for reaction-diffusion systems chemical
reactions and pattern formation in biological systems come
to mind.

An outstanding challenge is certainly to find an experimen-
tal system which shows the types of interactions described
here. Candidates include surface reactions of the type studied
in Refs. [35,38] for which one has seen solitonlike behavior
for arc-shaped (wall-like) objects, which can, in some cases,
pass through each other in a solitonlike fashion. Quite
recently an interesting candidate has emerged in the field of
biological systems [46]. Kuwayama and Ishida have observed
arc-shaped solitonlike structures in nonchemotactic mutants
of the slime mold Dictyostelium discoideum. These objects
showed constant velocity and fixed shape. Both quantities were
preserved after the collisions, for which these objects were able
to pass through each other. Since the system investigated is
dissipative and driven, it appears natural to investigate to what
extent there are parallel features between the biological system
and the model studied here. Very recently a more microscopic
model on the cell level has been presented to analyze the results
presented in Ref. [50]. Our suggestion is that a coarse-grained
model of the type presented here might be useful in characteriz-
ing the biological system, in particular, it would be worthwhile
to check experimentally whether one can also get compound
states of the two types described here for the mutants studied
[46].
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(Project No. 1140139) and Universidad de los Andes through
FAI initiatives. H.R.B. thanks the Deutsche Forschungsge-
meinschaft for partial support of this work.
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